H°° FUNCTIONAL CALCULUS AND SQUARE FUNCTIONS ON 
NONCOMMUTATIVE L P -SPACES 
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Abstract. In this work we investigate semigroups of operators acting on noncommuta- 
tive L p -spaces. We introduce noncommutative square functions and their connection to 
sectoriality, variants of Rademacher sectoriality, and H°° functional calculus. We discuss 
several examples of noncommutative diffusion semigroups. This includes Schur multipli- 
ers, g-Ornstcin-Uhlenbeck semigroups, and the noncommutative Poisson semigroup on free 
groups. 
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1. Introduction. 



In the recent past, noncommutative analysis (in a wide sense) has developed rapidly be- 
cause of its interesting and fruitful interactions with classical theories such as C*-algebras, 
Banach spaces, probability, or harmonic analysis. The theory of operator spaces has played a 
prominent role in these developments, leading to new fields of research in either operator the- 
ory, operator algebras or quantum probability. The recent theory of martingales inequalities 
in noncommutative L p -spaces is a good example for this development. Indeed, square func- 
tions associated to martingales and most of the classical martingale inequalities have been 
successfully transferred to the noncommutative setting. See in particular {SHI EB1 EH EH] , and 
also the recent survey [HI] and the references therein. The noncommutative maximal ergodic 
theorem in |J0| is our starting point for the study of noncommutative diffusion semigroups. 
On this line we investigate noncommutative analogs of classical square function inequalities. 

It is remarkable that operator space techniques have led to new results on classical analysis. 
We mention in particular completely bounded Fourier multipliers and Schur multipliers on 
Schatten classes [HI]. In our treatment of semigroups no prior knowledge on operator space 
theory is required. However, operator space concepts underlie our understanding of the 
subject. 

Our objectives are to introduce natural square functions associated with a sectorial op- 
erator or a semigroup on some noncommutative L p -space, to investigate their connections 
with H°° functional calculus, and to give various concrete examples and applications. H°° 
functional calculus was introduced by Mcintosh [HJ|, and then developed by him and his 
coauthors in a series of remarkable papers [23 EU IHj- Nowadays this is a classical and 
powerful subject which plays an important role in spectral theory for unbounded operators, 
abstract maximal //-regularity, or multiplier theory. See e.g. [2] for more information and 
references. 

Square functions for generators of semigroups appeared earlier in Stein's classical book [72] 
on the Littlewood-Paley theory for semigroups acting on usual (=commutative) L p -spaces. 
Stein gave several remarkable applications of these square functions to functional calculus 
and multiplier theorems for diffusion semigroups. Later on, Cowling [20] obtained several 
extensions of these results and used them to prove maximal theorems. 

The fundamental paper [21 J established tight connections between Mcintosh's H°° func- 
tional calculus and Stein's approach. Assume that A is a sectorial operator on L P (S), with 
1 < p < oo, and let F be a non zero bounded analytic function on a sector {|Arg(z)| < 6} 
containing the spectrum of A, and such that F tends to with an appropriate estimate as 
\z\ — > oo and as \z\ — > (see Section 3 for details). The associated square function is defined 



For example if —A is the generator of a bounded analytic semigroup (Tt) t >o on L P (S), then 
we can apply the above with the function F(z) = ze~ z and in this case, we obtain the 



by 
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familiar square function 



m If 



0_ 



(Tt(x)) 



dt 



from [72J Chapters III- IV]. One of the most remarkable connections between H°° functional 
calculus and square functions on L p -spaces is as follows. If A admits a bounded H°° func- 
tional calculus, then we have an equivalence i^iH^H < \\ x \\f — F 2 \\x\\ f° r any F as above. 
Indeed this follows from [2I| (see also [50]). 

In this paper we consider a sectorial operator A acting on a noncommutative L p -space 
L P (A4) associated with a semifmite von Neumann algebra (Ai,r). For an appropriate 
bounded analytic function F as before, we introduce two square functions which are ap- 
proximately defined as 



\ x \\F,c 



(F(tA)x)*(F(tA)x) 



and 



x 



F.r 



dt 



dt 



(F(tA)x) (F(tA)x)* 

(see Section 6 for details). The functions || \\f, c and || \\f )r are called column and row square 
functions respectively. Using them we define a symmetric square function As with the 

noncommutative Khintchine inequalities (see jHSEHl), this definition depends upon whether 
p > 2 or p < 2. If p > 2, we set \\x\\f = max{||x||F, c j ||x||.f>}. See Section 6 for the more 
complicated case p < 2. Then one of our main results is that if A admits a bounded H°° 
functional calculus on L P (A4), with 1 < p < oo, we have an equivalence 

(1.1) KxWxW < \\x\\ F < K 2 \\x\\ 

for these square functions. 

After a short introduction to noncommutative //-spaces, Section 2 is devoted to prelim- 
inary results on noncommutative Hilbert space valued L p -spaces, which are central for the 
definition of square functions. These spaces and related ideas first appeared in Pisier's mem- 
oir In fact operator valued matrices and operator space techniques (see e.g. jHOl E21 EB] ) 
play a natural role in our context. However we tried to make the paper accessible to readers 
not familiar with operator space theory and completely bounded maps. 

In Section 3 we give the necessary background on sectorial operators, semigroups, and H°° 
functional calculus. Then we introduce a completely bounded H°° functional calculus for an 
operator A acting on a noncommutative L P (M). Again this is quite natural in our context 
and indeed it turns out to be important in our study of square functions (see in particular 
Corollary 1711. 

Rademacher boundedness and Rademacher sectoriality now play a prominent role in H°° 
functional calculus. We refer the reader e.g. to |12], [ZHj, jHUj . [50] or [33] for devel- 
opments and applications. On noncommutative L p -spaces, it is natural to introduce two 



4 



MARIUS JUNGE, CHRISTIAN LE MERDY AND QUANHUA XU 



related concepts, namely the column boundedness and the row boundedness. If T is a set 
of bounded operators on L p (Ai), we will say that T is Col-bounded if we have an estimate 



for any finite families T%, . . . , T n in J 7 , and x%, . . . , x n in L P {M). Row boundedness is defined 
similarly. We develop these concepts in Section 4, along with the related notions of column 
and row sectoriality. 

Sections 6 and 7 are devoted to square functions and their interplay with H°° functional 
calculus. As a consequence of the main result of Section 4, we prove that if A is Col-sectorial 
(resp. Rad-sectorial), then we have an equivalence 

lfiN|G,c < \\x\\f,c < K 2 \\x\\ G>c (resp. #i|M|g < \\x\\f < K 2 \\x\\ G ) 

for any pair of non zero functions F, G defining square functions. This is a noncommutative 
generalization of the main result of [201 ■ Then we prove the aforementioned result that 
(II. lj) holds true if A has a bounded H°° functional calculus. We also show that conversely, 
appropriate square function estimates for an operator A on L P (A4) imply that A has a 
bounded H°° functional calculus. 

Section 5 (which is independent of Sections 6 and 7) is devoted to a noncommutative 
generalization of Stein's diffusion semigroups considered in [72]. We define a noncommutative 
diffusion semigroup to be a point u>*-continuous semigroup (T t ) t > Q of normal contractions 
on (Ji4,r), such that each T t is selfadjoint with respect to r. In this case, (T t ) t > extends 
to a Co-semigroup of contractions on L P (A4) for any 1 < p < oo. Let — A p denote the 
negative generator of the //-realization of (T t ) t >o- Our main result in this section is that if 
further each T t : M. — > M. is positive (resp. completely positive), then A p is Rad-sectorial 
(resp. Col-sectorial and Row-sectorial) . The proof is based on a noncommutative maximal 
theorem from [35J where such diffusion semigroups were considered for the first time. 

If (T t )t>o is a noncommutative diffusion semigroup as above, the most interesting general 
question is whether A p admits a bounded H°° functional calculus on L p (Ai) for 1 < p < oo. 
This question has an affirmative answer in the commutative case but it is open in the 
noncommutative setting. The last three sections are devoted to examples of natural diffusion 
semigroups, for which we are able to show that A v admits a bounded H°° functional calculus. 
Here is a brief description. 

In Section 8, we consider left and right multiplication operators, Hamiltonians, and Schur 
multipliers on Schatten space S p . Let if be a real Hilbert space, and let (aik)k>i an d (/3fc)fc>i 
be two sequences of H. We consider the semigroup (T t )t>o of Schur multipliers which are 
determined by T t (Eij) = e~ t (" ai ~P j "'E i j, where the i^-'s are the standard matrix units. This 
is a diffusion semigroup on B(£ 2 ) and we show that the associated negative generators A p 
have a bounded H°° functional calculus for any 1 < p < oo. 

Let H be a real Hilbert space. In Section 9, we consider the g-deformed von Neumann 
algebras T q (H) of Bozejko and Speicher equipped with its canonical trace. To any 
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contraction a: H —>■ H we may associate a second quantization operator T q (a): T q (H) — > 
T q (H), which is a normal unital completely positive map. We consider semigroups defined 
by T t = T q (a t ), where (a t )t>o is a selfadjoint contraction semigroup on H. This includes the 
g-Ornstein-Uhlenbeck semigroup jHlHI]- These semigroups (T t ) t > are completely positive 
noncommutative diffusion semigroups and we show that the associated A p 's have a bounded 
H°° functional calculus for any 1 < p < oo. 

In Section 10 we consider the noncommutative Poisson semigroup of a free group. Let 
G = F n be the free group with n generators and let | ■ | be the usual length function on G. 
Let VN(G) be the group von Neumann algebra and let X(g) G VN(G) be the left trans- 
lation operator for any g E G. For any t > 0, T t is defined by T t (\(g)) = e _t ' 9 'A(g). This 
semigroup was introduced by Haagerup [30] . Again this is a completely positive noncom- 
mutative diffusion semigroup and we prove that that the associated A p 's have a bounded 
H°° functional calculus for any 1 < p < oo. The proof uses noncommutative martingales in 
the sense of [66 , and we establish new square function estimates of independent interest for 
these martingales. 

Section 11 is a brief account on the non tracial case. We consider noncommutative L p - 
spaces L P (J\4, ip) associated with a (possibly non tracial) normal faithful state if on A4, and 
we give several generalizations or variants of the results obtained so far in the semifinite 
setting. 

We end this introduction with a few notations. If X is a Banach space, the algebra of all 
bounded operators on X is denoted by B(X). Further we let Ix denote the identity operator 
on X. 

We usually let (ek)k>i denote the canonical basis of £ 2 , or any orthonormal family on 
Hilbert space. Further we let Eij = <8> e] G B(£ 2 ) denote the standard matrix units. 

We will use the symbol " x " to indicate that two functions are equivalent up to positive 
constants. For example, (jl.lj) will be abbreviated by x ||x||. Next we will write X w Y 
to indicate that two Banach spaces X and Y are isomorphic. 

We refer the reader to e.g. [71] and |H] for the necessary background on C*-algebras and 
von Neumann algebras. We will make use of UMD Banach spaces, for which we refer to |17j . 

The main results of the present work were announced in [33]. We refer to related work of 
Mei's [SH] i n the semicommutative case. 
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2. NONCOMMUTATIVE HlLBERT SPACE VALUED L P -SPACES. 

2. A. Noncommutative L p -spaces. 

We start with a brief presentation of noncommutative L p -spaces associated with a trace. 
We mainly refer the reader to [71] Chapter I] and for details, as well as to jHZj and the 
references therein for further information on these spaces. 

Let Ai be a semifmite von Neumann algebra equipped with a normal semifmite faithful 
trace r. We let M.+ denote the positive part of M.. Let S+ be the set of all x G A4 + whose 
support projection have a finite trace. Then any x G S + has a finite trace. Let S C M. be 
the linear span of S + , then S is a w*-dense *-subalgebra of Ai. 

Let < p < oo. For any x G 5, the operator |x| p belongs to «S+ and we set 

IMIp = ( r (M p )) F > x g 5. 

Here |x| = (x*x)^ denotes the modulus of x. It turns out that || || p is a norm on S if 
p > 1, and a p-norm if p < 1. By definition, the noncommutative L p -space associated with 
(A4,t) is the completion of (S, || || p ). It is denoted by L P (A4). For convenience, we also 
set L°°(M) = M. equipped with its operator norm. Note that by definition, L p (Ai) H M. is 
dense in L p (Ai) for any 1 < p < oo. 

Assume that M. C B{H) acts on some Hilbert space 7i. It will be fruitful to also have a 
description of the elements of L P (JH) as (possibly unbounded) operators on Ti. Let M.' C 
B(H) denote the commmutant of M.. We say that a closed and densely defined operator 
x on 7i is affiliated with .M if x commutes with any unitary of A4'. Then we say that an 
affiliated operator x is measurable (with respect to the trace r) provided that there is a 
positive integer n > 1 such that r(l — p„) < oo, where p n = X[o,n](M) is the projection 
associated to the indicator function of [0, n] in the Borel functional calculus of \x\. It turns 
out that the set L°(A4) of all measurable operators is a *-algebra (see e.g. [71] for a precise 
definition of the sum and product on L°(A4)). Indeed, this *-algebra has a lot of remarkable 
stability properties. First for any x in L°(A4) and any < p < oo, the operator \x\ p = (x*x)^ 
belongs to L°(A4). Second, let L°(Ai) + be the positive part of L°(M), that is, the set of 
all selfadjoint positive operators in L°(Ai). Then the trace r extends to a positive tracial 
functional on L°(M) + , still denoted by r, in such a way that for any < p < oo, we have 

L P (M) = {x G L°(M) : r(|x| p ) < oo}, 

equipped with ||x|| p = (t(\x\ p ))p . Furthermore, r uniquely extends to a bounded linear 
functional on L 1 (A^), still denoted by r. Indeed we have \t(x)\ < t(\x\) = \\x\\i for any 
x G L\M). 

For any < p < oo and any x G L P (M), the adjoint operator x* belongs to L p (Ai) as 
well, with ||x*|| p = \\x\\ p . Clearly, we also have that x*x G L^(Ai) and |x| G L P (M), with 
II M Hp = IMIp- We let L P (M)+ = L°(M)+ n L P (M) denote the positive part of L P (M). 
The space L P (A4) is spanned by L P (M) + . 
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We recall the noncommutative Holder inequality. If < p, q, r < oo are such that ^ + ^ = -, 
then 

(2.1) \\xy\\ r < \\x\\ p \\y\\ q , x G L P (M), y G L q (M). 

Conversely for any z G L r (A4), there exist x G L P (M) and y G L q (A4) such that z = xy, 
and \\z\\ r = \\x\\ p \\y\\ q . 

For any 1 < p < oo, let pi = p/(p — 1) be the conjugate number of p. Applying (j2.1J) with 
q = p' and r = 1, we may define a duality pairing between L p (Ai) and L p ' (Ai) by 

(2.2) (x,y) = r(xy), x G L P (M), y G LP'{M). 
This induces an isometric isomorphism 

(2.3) L P (MY = L P '(M), l<p<oo, - + 1 = 1. 

p p 

In particular, we may identify L}(M) with the (unique) predual .M* of A4. 

Another remarkable property of noncommutative L p -spaces which will play a crucial role is 
that they form an interpolation scale. By means of the natural embeddings of L°°(Ai) = A4 
and L 1 (A / i) = M* into L°(M), one may regard (L°°(M), L 1 (A / i)) as a compatible couple of 
Banach spaces. Then we have 

(2.4) [L°°(M),L 1 (M)]i = L P (M), 1 < p < oo, 

V 

where [, ]e stands for the interpolation space obtained by the complex interpolation method 
(see e.g. 0). 

The space L 2 (A4) is a Hilbert space, with inner product given by (x, y) t— > (x,y*) = r(xy*). 
We will need to pay attention to the fact that the identity (|2.3j) provided by ()2.2j) for p = 2 
differs from the canonical (antilinear) identification of a Hilbert space with its dual space. 
This leads to two different notions of adjoints and we will use different notations for them. 
Let T: L 2 (Ai) — > L 2 (Ai) be any bounded operator. On the one hand, we will denote by T* 
the adjoint of T provided by ()2.3j) and ()2.2j) . so that 

r(T(x)y)=r(xT*(y)), x, y G L 2 (M). 

On the other hand, we will denote by the adjoint of T in the usual sense of Hilbertian 
operator theory. That is, 

r(T(x)y*) = r{x(T\y)y), x, y G L 2 (M). 

For any 1 < p < oo and any T: L P (M) -> L P (M), let T°: L P (A^) -> L P (A4) be defined by 

(2.5) T°{x) = T{x*)*, x G L P (M). 
If p — 2, we see from above that 

(2.6) T f = T*°. 

In particular T: L 2 (M) — > L 2 (A^) being selfadjoint means that T* = T°. 
The above notations will be used as well when T is an unbounded operator. 



8 



MARIUS JUNGE, CHRISTIAN LE MERDY AND QUANHUA XU 



We finally mention for further use that for any 1 < p < oo, L P (M) is a UMD Banach 
space (see |Sj or |H3 Section 7]). 

Throughout the rest of this section, (_M,r) will be an arbitrary semifinite von Neumann 
algebra. 

2.B. Tensor products. 

Let H be a Hilbert space. If the von Neumann algebra B(H) is equipped with its usual 
trace tr, the associated noncommutative L p -spaces are the Schatten spaces S P (H) for any 
< p < oo. We will simply write S p for S p (£ 2 ). If n > 1 is any integer, then B{£^) — M n , the 
algebra of n x n matrices with complex entries, and we will write S p for the corresponding 
matrix space S p (£l). 

We equip the von Neumann algebra M.®B(H) with the trace r <g> tr. Then for any 
< p < oo, we let 

(2.7) S p [H; L p (M)} = L P (M®B{H)). 

Again in the case when H = £ 2 (resp. H = £^), we simply write S p [L p (Ai)] (resp. 
S P [L P (A4)} = L p (M n (M))) for these spaces. These definitions are a special case of Pisier's 
notion of noncommutative vector valued L p -spaces [H2]- Further comments on these spaces 
and their connection with operator space theory will be given in the paragraph 2.D below. 

Lemma 2.1. For any < p < oo, S P (H) <g> L P (M) is dense in S P [H; L P (M)]. 

Proof. Let (pt)t be a nondecreasing net of finite rank projections on H converging to In in 
the u>*-topology. Then 1 <g) p t converges to 1 ® Ijj in the u>*-topology of M.®B(H). As is 
well-known, this implies that ||(1 ®p t )x(l ®pt) — x\\ p — > for any x G L P (M.®B(H)). Each 
H t = Pt{H) is finite dimensional, hence we have 

{l®p t )x{\ ® p t ) e L P {M ® B(H t )) = L P {M) ® S p (H t ) c L P {M) ® S P (H) 

for any x G L P (M). This shows the density of S P {H) ®L P (M). □ 

We shall now define various if- valued noncommutative L p -spaces. For any a,b G H, we 
let a <8> b G B(H) denote the rank one operator taking any ^ G H to (£,b)a. We fix some 
e G H with ||e|| = 1, and we let p e = e <8> e be the rank one projection onto Span{e}. Then 
for any < p < oo, we let 

L P (M;H C ) = L p {M®B{H)){l®p e ). 

We will give momentarily further descriptions of that space showing that its definition is 
essentially independent of the choice of e. For any < p < oo, let us regard 

L P {M) C L P {M) <8> S P {H) c L P {M®B{H)) 

as a subspace of L P (M.®B(H)) by identifying any c G L P (M) with c®p e . Clearly this is an 
isometric embedding. This identification is equivalent to writing that 

L p (M) = (l®p e )L p (M®B(H))(l®p e ). 
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For any element u G L P (A4; H c ) C L p (M.(£)B(H)), the product u*u belongs to the subspace 
(1 ® p e )Li(M®B(H)){l <2>p e ) of L*{M®B(H)). Applying the above identifications for |, 

P 1 

we may therefore regard u*u as an element of L^\M). Hence (u*u)z G L P (A4), and we have 
(2-8) h\\ LP{ M;H c ) = U u * u f 2 \\ LHM y u e W(M;H C ). 



Let u G L p (Ai) ® H and let (xk)k and (afe)jt be finite families in L p (Ai) and H such that 
it = J2k x k ® a fc- ^ e £ P (.M) ® S P (H) be defined by tt = ® ( a k ® e). Then the 

mapping u i— > u induces a linear embedding 

L P {M)®H c L p {M]H c ). 

Moreover the argument for Lemma f2. II shows the following. 

Lemma 2.2. For any < p < oo, LP(M) ® H is dense in L p (Ai; H c ). 

We shall now compute the norm on L p (Ai) ® H induced by L p (Ai; H c ). Let us consider 
u = J2k x k ® a fc as above. Then we have 



u 



E 



and 



Hence 



u u 



^2(aj,ai)Xi 



Xj <g> p e 



'J 



According to (|2.8|) . this shows that 
(2.9) 



fc 



LP(M;H C ) 



'J 



In the above definitions, the index 'c' stands for 'column'. Indeed, if (ei,...,e„) is an 
orthonormal family of H and if Xi, . . . , x n belong to L p (Ai), it follows from ()2.9j) that 



(2.10) ||^x fc ®e fc 



Lp{M;H c ) 



E 



XfcXk 



LP{M) 



X\ 



L x n 











LP(M n (M)) 

Note that according to Lemma l2.2[ we can now regard L P (J\A; H c ) as the completion of 
L P (}A) ® H for the tensor norm given by (j2.9jl . if p is finite. See Remark |2. HI (2) for the case 
p = oo. 

We now turn to analogous definitions with columns replaced by rows. Let e G H with 
1 1 e 1 1 = 1 as above, and let p s = e <8> e G B(H). For any < p < oo, we let 



L P (M; H r 



'\®Pe)L p {M®B{H)). 
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Then any of the above results for L P (A4; H c ) has a version for L P (A4; H r ). In particular, let 
u = J2k x k ® dk in L P (M) ® H, with x k G L P (M) and a k G if. Then identifying u with the 
element J2k x k ® e ® a k in L P (AA®B(H)) yields a linear embedding 

L P {M)®H c L P (M\ H r ), 



and we have 
(2.11) 



IE 



a; fc ® a fc 



LP(A4;flr) 



^ ^ (^2; ^i) X{X j 



LP(M) 



k 1,3 

Thus if (ei, . . . , e n ) is an orthonormal family of H and if Xi, . . . , x n belong to L P (A4), then 
we have 



(2-12) ||E 



x k <g> e k 



LP(M;H r ) 



LP(M) 
















LP(M„(7W)) 



Moreover for any < p < oo, /^(.M) ® if is a dense subspace of L P (A4; H r ). 

Throughout this work, we will have to deal both with column spaces L p (Ai; H c ) and row 
spaces L p (Ai; H r ). In most cases, they will play symmetric roles. Thus we will often state 
some results for L P (A4; H c ) only and then take for granted that they also have a row version, 
that will be used without any further comment. 



Remark 2.3. 

(1) Applying (EHUl) and (J27TJ), we see that 



IE 



L 2 (A4;H r ) 



E 



\%k || 2 



x k Q$e k = \\y^x k ®e k 

L 2 (M;H C ) 11^ 

for any Xi,...,x n in L 2 (M). Thus L 2 (M; H c ) and L 2 (M; H r ) both coincide with the Hilber- 
tian tensor product of L 2 (M) and H. 

(2) The space L°°(Ai] H c ) C M.®B(H) is w*-closed, and arguing as in the proof of Lemma 
12.11 it is clear that M. <g> H C L°°{M.\ H c ) is w*-dense. Indeed if (ej) ie / is a basis of H for 
some set i, then L°°(A4; H c ) coincides with the well-known space of all families (xi)i & i in 
M. such that 



{Xi) 



i&I \\L^{M;H c ) 



sup 



E 

ieJ 



M 



: J C I finite > < oo. 



(3) Let {Eij : i,j > 1} be the standard matrix units on B(£ 2 ), and let (e k ) k >i be the 
canonical basis of £ 2 . It follows either from the definition of L P (A4; £^), or from ()2. !())) ■ that 
for any finite family (x k ) k in L P (A4), we have 

\\y^x k ®e k 

A similar result holds true for row norms. 



IE* 



fci » a;fe 



5p[Lp(7W)] 
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For any 1 < p < oo, the linear mapping 

Q p : L P {M®B{H)) — > L P {M®B{H)) 

taking any x G L P (M.®B(H)) to x(l<S>p e ) is a contractive projection whose range is equal to 
LP(M.; H c ). Moreover these projections are compatible. Thus applying (|2.4jl for M.®B(H), 
we obtain that 

(2.13) [L°°(M;H c ),L l (M;H c )]i=L p (M;H c ), 1 < p < oo, 

p 

A similar result holds for row spaces. 

Likewise, applying (|2.3|) to A4®B(H), we obtain that 

(2.14) L p (M;H c )* = L p '(M;H r ), 1 < p < oo, 1 + 1 = 1, 

p p 

for the duality pairing defined by taking (x <E> a,y <g>b) to (a,b)r(xy) for any x G L P (.M), 
y E L p (.M), and a,b E H. By (I2.10J) and (|2.12p . an essentially equivalent reformulation of 
this duality result is that for any 1 < p < oo and for any x\, . . . , x n G L p (Ai), we have 

n i s n ti \ n 

(2.15) ||($>K)1 =su p : we^), ||(X>yz) 3 || ,< l \ 

k=l P ^ fe=l fe=l P J 

We need to introduce two more i7-valued noncommutative L p -spaces, namely the in- 
tersection and the sum of row and column spaces. These spaces naturally appear in the 
so-called noncommutative Khintchine inequalities (see below). Let 1 < p < oo. We will 
regard (L P (A4; H c ), L p (Ji4; H r )) as a compatible couple of Banach spaces, in the sense of 
interpolation theory (see e.g. [6J. Indeed if we let W be the injective tensor product of 
L p (Ai) and H, say, Lemma 12.21 and its row counterpart yield natural one-one linear map- 
pings L p (Ai; H c ) — > W and L p (Ai; H r ) — > W. According to this convention, we define the 
intersection 

(2.16) L p (M; H rnc ) = L P (M; H c ) n L P (M; H r ), 
equipped with the norm 

( 2 - 17 ) \\ u \\LP(M;Hmc) = maX { ll M II Lp(M;H c ) > ll M II LP(M;H r ) } ■ 

Then we define the sum 

(2.18) L p {M] H r+C ) = L P {M] H c ) + L P (M; H r ), 
equipped with the norm 

(2.19) \\u\\ L P(M;H r+c ) = ini {\\ u l\\LP(M;H c ) + IM L P(M;H r ) ■ U = Ul + U 2 ) . 

We now introduce Rademacher averages. Let (Ek)k>i be a Rademacher sequence, that 
is, a sequence of independent random variables on a probability space (S,P) such that 
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P(efc = l) = F^Ek = — l) = | for any k > 1. Then for any finite family x%, . . . ,x n in an 
arbitrary Banach space X, we let 



^2.20) 



k=l 



Rad(X) 



» n 

I \\y2 £ kWxk 
j ^k=i 



X 



dP(A) 



If X = L P (.M) is a noncommutative L p -space for some 1 < p < oo, the above norms satisfy 
the following remarkable estimates (called the noncommutative Khintchine inequalities). Let 
if be a Hilbert space and let (ek)k>i be an orthonormal sequence in H. 

(i) If 2 < p < oo, there is a constant C p > (only depending on p) such that for any 
x±,...,x n in L P (M.), we have 



1 ii n 



x k (Se k 



k=l 



LP{M;Hmc) 



< 



|E 

fc=l 



Rad(LP(A^)) 



< 



C >|E 



x k (Se k 



k=l 



(ii) There is a constant C\ such that for any 1 < p < 2 and any sci, 
have 



LP(A^;H r nc) 

x n in L P (.M), we 



(2.22) Cx^^Xk^ek 

k=l 



LP(M;H r+c ) 



< 



fc=i 



Rad(LP(7W)) 



< 



| ^ x k <g> e k 

k=l 



LP(M;H r+c ) 



These fundamental inequalities were proved by Lust-Piquard |52j for the Schatten spaces 
when p > 1 and then extended to the general case by Lust-Piquard and Pisier |53j . In 
accordance with (|2.21j) and (|2.22j) . we let for any Hilbert space H 



(2.23) 



L p (M;H rad )=L p (M;H rA 



if 1 < P < 2; 



(2.24) L P (M; H rad ) = L P (M; H rnc ) if 2 < p < oo. 

Then it easily follows from (J2.14|) and its row counterpart that we have an isometric identi- 
fication 

(2.25) L p (M;H rad )* = L p '(M;H rad ), K M '<oo, - + - f = 1. 

p p' 

We conclude this paragraph by a simple lemma concerning tensor extensions. 

Lemma 2.4. Let H, K be two Hilbert spaces and let L P (A4) be a noncommutative LP -space, 
for some 1 < p < oo. Then for any bounded operator T ': H — > K , the mapping (g) T 
(uniquely) extends to a bounded operator from L P (A4;H C ) into L p (Ai; K c ), with 

\\L LV ®T: L p (M]H c ) — >L P (M;K C )\\ = \\T\\. 

Likewise Il p ®T extends to bounded operators of norm ||T|| from L p (Ai; H r ) into L P (M; K r ), 
from L P (M] H rnc ) into L P (M; K rnc ), and from L P (M; H r+C ) into L P (M; K r+C ). 
All these extensions will be usually denoted by T . 
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Proof. Let T: H — > .K" be a bounded operator, and let 1 < p < oo. Let (ei, . . . , e n ) be a finite 
orthonormal family in H, and let x%, . . . ,x n be arbitrary elements in L p (Ai). We consider 
u = ^2 k %k ® and T(w) = ^^x^ (8> T(e^). Then its norm in L p (Ai; K c ) is equal to 



T{u)\\ = |(E( T fe)' T ^)) 



by (|2.9|) . The n x n matrix [(T(ej), T(e;))] is nonnegative and its norm is less than or equal 
to ||T|| 2 . Hence we may find a matrix A = [dij] G M n such that 

A*A = [(T(e,),T( ej ))] and ||A|| < ||T||. 



Then we have 



y^ j {T{e j ),T{e i )) x*x j = y~] d ki d, 



kj x i x j 



'■J 



Hence 



\T(u) 



■ d 



'j 



xi 



x n 







< IIAI 



xi 







According to ()2.10|) . this implies that ||T(w)|| < ||A||||w|| < ||T||||tt|| and proves the column 
version of our lemma. 

The proof of the row version is similar and the other two results are straightforward 

consequences. □ 



2. C. Vector-valued functions. 

In this paragraph, we give more preliminary results in the case when the Hilbert space H 
is a concrete (commutative) L 2 -space. We let (Q, /i) denote an arbitrary a-finite measure 
space, and we shall consider Banach space valued L 2 -spaces L 2 (Q;X). For any Banach 
space X, this space consists of all (strongly) measurable functions u: Q — > X such that 
In II^WIIx d(J,(t) is finite. The norm on this space is given by 

r - 

IMUw) = (yjl«0Ollxd/iW) 5 , ueL 2 (Q;X). 

The main reference for these spaces is j2Sj ; to which we refer the reader for more information 
and background. We merely recall a few facts. 

First, the tensor product L 2 (Q) <g> X is dense in L 2 (Q;X). 

Second, for any u G L 2 (Q;X), and for any v G L 2 (Q;X*), the function t \— > (v(t),u(t)) is 
integrable and we may define a duality pairing 

(2.26) (v,u)= (v(t),u(t))dfi(t). 

in 
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This pairing induces an isometric inclusion 

(2.27) L 2 (VL]X*) ^ L 2 (VL]X)*. 

If further X is reflexive, then this isometric inclusion is onto, and we obtain an isometric 
isomorphism L 2 (Q;X)* = L 2 (Q;X*) (see e.g. [23, IV;1]). 
Third, as a consequence of (|2.4j) . we have 

(2.28) [L 2 (Q;L co (M)),L 2 (n,L\M))] l = L 2 (Q;L P (M)), 1 < p < oo, 
whenever (Ai,r) is a semifmite von Neumann algebra. 

Proposition 2.5. Let (Q,p) be a measure space. 

(1) For any 1 < p < 2, we have contractive inclusions 

L P (M; L 2 (Q) c ) C L 2 (Q; L P (M)) , L P (M; L 2 (Q) r ) c L 2 (Q; L P (M)) , 

and L P (M; L 2 (9) rad ) c L 2 (fi; D>{M)). 

(2) For an?/ 2 < p < oo ; we have contractive inclusions 

L 2 ({1; L P (M)) C L P (M; L 2 (n) c ) and L 2 (ft; L P (M)) C L P (M; L 2 (ft) r ). 
For p 7^ oo ; we a/so have a contractive inclusion 

L 2 (n;L p (M))cL p (M;L 2 ({l) rad ). 

Proof. Given a measurable subset I C £1, we let Yj denote the indicator function of /. Let 
xi, . . . ,x n be in L l (M). Then for any yi, . . . , y n in M. — L 1 (A1)*, we have 



k 



< 



< 



E 



x k X k 

k 



Li(M) 



Taking the supremum over all y\ 
(2.29) 



. ,y n with Y.k IbfcUL < 1 y ields 



l^fcll i 



< 



^/j X k X k 



Now changing x fc into ^(/^ij. for a sequence Ii,...,I n of pairwise disjoint measurable 
subsets of finite measure in Q, and using (|2.9|) . we derive that 



< 



fc=l fc=l 
By density this shows that L 1 (M; L 2 (Vt) c ) C L 2 (fi;L 1 (A^)) contractively. On the other 
hand, we have an isometric isomorphism L 2 (Ai; L 2 (Q) C ) = L 2 (Q; L 2 (A4)) by Remark 12. HI 
(1). Thus in the column case, the result for 1 < p < 2 follows by interpolation, using ()2.13|) 
and ()2.28|) . The row case can be treated similarly and the Rademacher case follows from the 
previous two cases. Once (1) is proved, (2) follows by duality. □ 
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Remark 2.6. Let 1 < p < oo and let p' = p/{p— 1) be its conjugate number. If we identify 
H = L 2 (fl) with its complex conjugate in the usual way, and if we set X = L p (Jvt), then the 
duality pairing given by ()2.26|) is consistent with the one in (|2.14|) . Namely if 1 < p < 2, if 
u G L P (M, L 2 (VL) C ) and if v G L 2 {VL; L P '(M)), then the action of v on u induced by (l2~T3j) is 
given by (gUSt - Indeed, this is clear when u G L P (.M) <8>L 2 (fi) and t> G L P '(.M) <g>L 2 (f2), and 
the general case follows by a density argument. This property will be extended in Lemma 
O below. 

Definition 2.7. Let 1 < p < oo. 

(1) Letu: Q — > L P (.M) fre a measurable function. We say thatu belongs to L P (A4; L 2 (Q) c ) 
if(y,u(-)) belongs to L 2 (Q) for anyy G L p ' (M) and if there exists 9 G L P (M; L 2 (fl) c ) 
such that 

(2.30) (y®b,9) = [ {y,u(t))b(t)dfx(t), y e L p ' (M), b e L 2 (n). 

Jn 

(2) Let # G L P (.M; L 2 (il) c ). VFe say that 9 is representable by a measurable function is 
there exists a measurable u: Q — > L P (A4) such that {y,u(- )) belongs to L 2 (Q) for any 
y G L P '(M) and \2. SO]) holds true. 

If (1) (resp. (2)) holds, then 9 (resp. u) is necessarily unique. Therefore we will make no 
notational difference between 9 and u in this case. 

A similar terminology will be used for row spaces L P (A4; L 2 (fl) r ) or Rademacher spaces 
L p (M;L 2 (n) r J. 

It is clear from Remark l2~Kl that any u G L P (M; L 2 (tt) c ) fl L 2 (Q; L p (M)) is representable 
by a measurable function. Hence if 1 < p < 2, any element of L P (A4; L 2 (Q) C ) is representable 
by a measurable function. However we will see in Appendix 12. B that this is no longer the 
case if p > 2. 

Lemma 2.8. let 1 < p,p' < oo be conjugate numbers and let u G L p (Ai; L 2 (Q) c ) and 
v G L p ' (Ai; L 2 (£l) r ) be (representable by) measurable functions in the sense of Definition 
\2. 7| Then the function t \— > (v(t),u(t)) is integrable on Q and 

(2-31) / \(v(t),u(t))\dfi(t) < \\u\\ LP{M . L 2 {n)c) \\v\\ Lp/{M . L 2 {n)r) . 

Jn 

Moreover the action of v on u given by $1$ for H = L 2 (n) is equal to 
(2.32) (v,u)= [ (v(t),u(t))Mt)- 

Proof. We may assume that p > 2. We fix some measurable u in L P (A4, L 2 (Q) C ). By 
assumption, (j2.30j) holds true for any y G L p ' (Jvt) and any b G L 2 (f2). Hence t i— > (v(t),u(t)) 
is integrable and 1)2.32)1 holds true for any v in the tensor product L p> (M.) <8> L 2 (f2). Let 
c G L°°(fi) and let v in L p> (M) ® L 2 (Q). Then 

/ (v(t),u(t)} c(t) dp,(t) = (cv,u). 
Jn 
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Hence by the above observation, we have 



[v(t),u{t))c(t) dfx(t) 



< \\u\ 



Lp{M^(n) c )\\ cv \\Lp'{M\LZ(Q.) r )- 



Applying Lemma 12.41 to the multiplication operator L 2 (Q) — > L 2 (Q) taking any b G L 2 (Q) 
to cb, we obtain that the right hand side of the above inequality is less than or equal to 

ll c lloo||M|| iP (^. L 2( n)c )||t;|| LP ' ( _A / f. L 2( n ) r ). 

Taking the supremum over all c G L°°(Q) with norm less than 1, we obtain (j2.31j) for 
v G L P '(M)®L 2 ({1). 

Next we consider an arbitrary v G LP (Ai; L 2 (Q) r ). By Proposition 12.51 we can find a 
sequence (f„)„>i in L p ' (Ai) L 2 (Vt) such that 

\\ v — v n\\L2(n-Lp'(M)) — W v ~~ v n\\Lp'(M;L 2 (n)r) > ®- 

Passing to a subsequence, we may assume that v n — > v a.e. Then (u,v n ) — > (u,v) a.e., and 
we deduce (j2.Hlj) by Fatou's Lemma. 

Finally applying (|2.31|) with {y — v n ) instead of v, we deduce that since each v n satisfies 
(j2.32j) . then v satisfies it as well. □ 

Remark 2.9. The previous lemma clearly has variants (with identical proofs) involving 
the Rademacher spaces. Namely, if u G L P (A4; L 2 ({l) rad ) and v G IP\M.\ L 2 (Vt) ra d) are 
measurable functions, then the function t \— > (v(t),u(t)) is integrable on Q, the identity 
(|2~32"J) holds true, and 

\(v(t),u(t))\dn(t) < \\u\\ LPi M;L^Q) ra JH L p'(M-,L^n) rad y 

We conclude our discussion on measurable functions with the following useful converse to 
Lemma 12.81 

Lemma 2.10. Let 1 < p < oo, and let p' be its conjugate number. Let u\ Q —>■ L P (M) be a 
measurable function. Then u G L P (A4; L 2 (fl) c ) if and only if t i— > (y, u(t)) belongs to L 2 (Q) 
for any y G L p (Ai) and there is a constant K > such that for any v G L p (Ai) ® L 2 (Q), 
we have 

(v(t),u{t))dn{t) < K\\v\\ LP > iM . L 2 {n)r y 

In this case, the norm of u in L p (Ai; L 2 (Q) c ) is equal to the smallest possible K . 

Proof. The 'only if part follows from Lemma l2~%l If p > 1, the 'if part is a direct consequence 
of (HH41 and of the density of L p ' (M)®L 2 (tt) in L p ' (M; L 2 (Vl) r ). Thus it suffices to consider 
the case when p = 1. In this case, the result can be deduced from operator space arguments 
which will be outlined in the paragraph 2.D, and from [U21 Lemma 1.12]. However we give 
a self-contained proof for the convenience of the reader. 
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We assume for simplicity that H = L 2 (Q) is infinite dimensional and separable (otherwise, 
replace sequences by nets in the argument below). Let u: Q — > L}(M.) be a measurable 
function, and assume that 

K = supj J (v(t),u(t))dfM(t) : veM®L 2 (tt), \\v\\ L oo {M . L 2 (n)r) < l} <oo. 

By Proposition 12.51 (2), the norm on M. ® L 2 (Q) induced by L 2 (Q;A4) is greater than the 
one induced by L°°(J\A; L 2 (Q) r ). Thus v t— > f Q (v,u) extends to an element of L 2 {VL;M)*. 
Since u is measurable and valued in L l (M), we deduce from (I2.27|) that u G L 2 (Q, 

Let (ek)k>i be a basis of H — L 2 (Q). Since u G L 2 (Q, we can define Xk G L 1 (A4) 

by 



e k (t)u(t) dfi(t) 



k > 1. 



For any n > 1, we consider 



x fc (8) e fc G L X (A^) (8) L 2 (fi). 



fc=i 



For convenience we let Z = ^(Ai, L 2 (Q) C ) in the rest of the proof. Our objective is now 
to show that (w n )n>i is a Cauchy sequence in Z. For any m > 1, let P m : H ^ H be the 
orthogonal projection onto Span{ei, . . . , e m }. If m < n, then we have (J L i <8> P m )(w n ) = w m . 
Hence ||w m ||z < H u n|U by Lemma l2~H Thus the sequence (||tt n ||z)n is nondecreasing. 
Next we note that for any n > 1, we have 



c n n 

\\u n \\z = sup< |y^(yfc,^fc) ■■ yk £ m, || y^ 

^ fc=l fc=l 
However if we write t> = 5^fc=i Vk® e kj we have 



L°°(.M;£ 2 (n) r ) 



< 1 



fc=l 



(v(t),u(t))dfx{t) . 



Hence (||w n |U)n is bounded, with sup n ||w„||z = K- 

Let e > 0, and let AT > 1 be chosen such that ||"jv||f — K 2 ~ £2 - Let n > m > N be two 
integers. According to ()2.29|) . we have 



u 



m\\z 



\U„ — U 



m\\z 



< 



(<Mm + ("n ~ U m )*(u n - U m )) 



Since n > m, we have u* m u m = u* n u m = u* m u n , hence 



U m Um ("n "to) ("n "to) "h "n • 



Thus we have 
and hence 



■it 



TO||Z 



+ m n — w 



m\\Z 



< U 



|"n "m||z — 



I II 2 <-" 2 
I "to 1 1 Z — ^ • 
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This shows that (u n ) n is a Cauchy sequence in L l (Ai, L 2 (Q) C ). It has therefore a limit in that 
space and by construction, this limit is necessarily u. This shows that u G L 1 (A^, L 2 (Q) C ), 
with \\u\\z < K. □ 



Remark 2.11. Again the previous lemma also has variants involving L 2 (Q) r , L 2 (Q) rnc , or 
L 2 (fl) r+C . For instance, a measurable function u: Q — > L P (M.) belongs to L P (A4; L 2 (Q) r+c ) 
with \\u\\ LP{M . L 2 {n)r+c) < K if and only if 

< ^lklliP'(M;i2(n) rne ) 

for any u G //(A/f) ® L 2 (VL). 

We also observe that if V C L 2 (f2) is a dense subspace, then the same result holds true 
with L P '(M) ® L 2 (fT) replaced by L P '(A4) ® V. 



/ (v(t),u(t))dfx(t) 



We will now interpret the above results in the case when H = L 2 (Q) = £ 2 , and regard 
L p (M.,£l), W^M-il 2 ), and L p (Ji4, £ 2 ad ) as sequence spaces. Let (e k )k>i denote the canonical 
basis of £ 2 . For any k > 1, let (p k — {■ , e k ) be the functional on £ 2 associated with e^, and 
let L P (M.;£ 2 ) — > L P (M) denote the continuous extension of Ijj> ® fk- We say that a 
sequence (x k )k>i of L P (.M) belongs to L p (Ai,£l) if there exists some (necessarily unique) 
u in //(A - !,^) such that x k = tpk(u) for any k > 1. We adopt a similar convention for 
L p (M,£ 2 r ) and L P (M,- 



rad) 



Corollary 2.12. Lei 1 < p < oo and Zet (£fc)fc>i fre a sequence of L P (M). Then (x k )k>i 
belongs to L p (A4,£l) if and only if there is a constant K > such that 



ek 



k=l 



< K, n>l. 

LP{M;l%) 



In this case the norm of (x k )k>i in L P (M,£ 2 ) is equal to the smallest possible K. 
Moreover the same result holds with £ 2 replaced by either £ 2 or £ 2 ad . 

Proof. This clearly follows from Lemma [2.101 and Remark 12. Ill □ 



We end this paragraph with a few observations to be used later on concerning Rademacher 
norms and vector-valued L 2 -spaces. 

Let Rad C L 1 (S) be the closed subspace spanned by the e k s. For any xi,...,x n in 
some Banach space X, the norm \\^2 k £ kXk\\ Rad ^ defined by ()2.20|) is the norm of the sum 
s k ® Xk in the vector valued //-space L l (Jl; X). Accordingly, we let Rad(X) C L 1 (S; X) 
be the closure of Rad <S> X in L X (E; X). Likewise, we let Rad2 C L 2 (S) be the closed linear 
span of the e k s in L 2 (S), and we let Rad2(X) C L 2 (E; A) be the closure of Rad2 <8> X. By 
Kahane's inequality (see e.g. 51, Theorem I.e. 13]), the spaces Rad(A) and Rad2(A) are 
isomorphic. 
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We let P: L 2 {J1) — > £ 2 (X) denote the orthogonal projection onto Rad 2 . Let (E ,Ei) 
be an interpolation couple of Banach spaces, and assume that Eq and E\ are both K- 
convex. Following [64, p. 43] or [65J, this means that for i e {0,1}, the tensor extension 
P <S> Iei- L 2 ® Ei — > L 2 <S> Ei extends to a bounded projection on L 2 (£; Ei), whose range is 
equal to Rad2(-E«). For any a G (0, 1), let E a = [E , Ei] a . Then 

L 2 {Y,-E a ) = [L 2 (E; E ), L 2 (£; i?i)] a . 

Owing to the projections onto Rad2(-E'o) and Rad2(£'i) given by the K- convexity, this implies 
that Rad2(-E , Q ) is isomorphic to the interpolation space [Rad2(-Eo) , Rad2(£a)] a - Applying 
Kahane's inequality, we finally obtain the isomorphism 

Rad(£ Q ) w [Rad(Eb), Rad(Si)] a . 

Now note that for any 1 < p < oo, the Banach space L P (M) is fT-convex. Indeed, this 
follows from and [S3]. (More generally, any UMD Banach space is .fT-convex.) Thus we 
deduce from above and from (|2.4jl that ifl<r<g<oo, we have 

(2.33) Rad(L p (7W)) « [Rad(L 9 (.M)) , Rad(L r (7W))] q if - = + 

Note also that by our definitions in paragraph 2.B, we have 

(2.34) Rad(L p (A^)) « L*»(>f; Q, 1 < p < oo . 

Completely positive maps and completely bounded maps. 

Let 1 < p < oo. We say that a linear map T: L P (.M) — > L p (Ai) is positive if it maps the 
positive cone L p (Ai)+ into itself. Then for an integer n > 2, we say that T is n-positive if 

Ix®T:S>[V{M)]^S>[I?{M)] 

is positive. Recall here that S P [L P (J\A)} = L p (M n (A4)) is a noncommutative L p -space. 
Finally we say that T is completely positive if it is n-positive for all n. We refer the reader 
e.g. to [60J for a large information on completely positive maps on C*-algebras. 
Likewise, we say that T : L P (A4) — > L P (M) is completely bounded if 

||T|U = sup \\I s p ® T : S p [L p (M)] — S p [L p (M)}\\ 

n 

is finite. In this case ||T|| C 6 is called the completely bounded norm of T. If p is finite, it 
is easy to see that T is completely bounded if and only if I$p ® T extends to a bounded 
operator from S P [L P (A4)} into itself. In that case, the extension is unique and 

(2.35) ||T|| c6 = \\Isp ® T: S P [L P (M)] — > 5 ,p [L p (A / f)]||. 

More generally if T: L P (7W) — > L P (M) is completely bounded and H is any Hilbert space, 
then Isp(h) ® T extends to a bounded operator from S P [H; LP(M)] into itself, whose norm 
is less than or equal to ||T|| cfe . Consequently, T ® I H both extends to bounded operators on 
L p {M; H c ) and on L P {M; H r ), with 

(2.36) \\T®I H : L p (M;H c ) ^L P (M;H C )\\ < \\T\\ cb 
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and 

(2.37) \\T®I H : L p (M;H r ) ^L p (M;H r )\\ < \\T\\ cb . 

If \\T\\cb < 1) we say that T is completely contractive. Next we say that the operator 
T: L P (M) — > L p (Ai) is a complete isometry if I s v (g) T is an isometry for any n > 1. In this 
case, I S p®T: S P [L P (M)} -> S P [L P (A4)] also is an isometry. 

Assume that 1 < p < oo, and let p' be its conjugate number. Applying ()2.3|) with 
M n (.M), we have an isometric identification S P [L P (M)}* = S^[L P '(M)}. It clearly follows 
from this identity that T: L P (M) — > L P (M) is completely bounded if and only its adjoint 
T*: L P '(M) — > L P '(M) is completely bounded, with 

(2.38) \\T: L p (M) — > L P (-M)|U = ||T*: i/(.M) — > L p '(A<)|| cb . 

Although we will not use it explicitly, we briefly mention that several notions considered 
so far have a natural description in the framework of operator space theory. 

We need complex interpolation of operator spaces, for which we refer to (£21 Section 2.7]. 
Let Ei be IM^M.) equipped with the predual operator space structure of M° p . Then for 
any 1 < p < oo, equip L P (M) with the operator space structure obtained by interpolating 
between M. = E^ and E\ (see |HB1 p. 139]). Let E p be this operator space, so that E p = 

[Eoo, Ei]i completely isometrically. Then for any Hilbert space H, and any 1 < p < oo, the 

p 

definition (|2.7|) coincides with Pisier's operator space valued Schatten space S P [H;E P ] (see 
[H3 pp. 24-25]). Thus according to jH2 Lemma 1.7], a linear map T: L P (M) -> L P {M) is 
completely bounded in the sense of ()2.35|) if and only if it is completely bounded from E p 
into itself in the usual sense of operator space theory. 

Let H be a Hilbert space, and let H c (resp. H r ) be the space H equipped with its column 
(resp. row) operator space structure (see e.g. [03 p-22]). Then for any 6 G [0,1], let 
H c (6) = [H c , H r ]g in the sense of the interpolation of operator spaces. Then 

L p {M;H c ) = H c {±)® h E p , 1 < p < oo, 

where ®h denotes the Haagerup tensor product (see e.g. |H3 Chapter 5]). Indeed, this 
identity follows from |p^l Theorem 1.1]. Likewise, we have 

L p (M;H r ) =E p ® h H r (l), 1 < p < oo, 

where we have defined H r {0) = [H r , H c ]g for any 6 e [0,1]. 

Remark 2.13. Let M. be a commutative von Neumann algebra, and let E be a measure 
space such that M. ~ L°°(E) as von Neumann algebras (see e.g. [7TI 1.18]). Then L P (M) 
coincides with the usual commutative space L P (E), and S p [H\L p {Y?j\ = L P (E; S P (H)) for 
any H and any 1 < p < oo. Thus a completely bounded map T: L P (E) — > L P (E) on some 
commutative L p -space is a bounded mapping whose tensor extension T ® I$p extends to a 
bounded operator on the vector valued L p -space L P (T,; S p ). 
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Likewise, for any Hilbert space H and any 1 < p < oo, we have 

L p (M; H c ) = L p (M; H r ) = L P (M; H rad ) = H) 

isometrically. 
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3. Bounded and completely bounded H°° functional calculus. 

3. A. H°° functional calculus. 

In this paragraph, we give a brief review of H°° functional calculus on general Banach 
spaces, and preliminary results. We mainly follow the fundamental papers j^lj and [21]. See 
also j3] or |Hj for further details. We refer the reader e.g. to [22j or to [22j f° r the necessary 
background on semigroup theory. 

Let X be a Banach space, and let A be a (possibly unbounded) linear operator A on X . 
We let D(A), N(A) and R(A) denote the domain, kernel and range of A respectively. Next 
we denote by cr(A) and p(A) the spectrum and the resolvent set of A respectively. Then for 
any z G p(A), we let R(z, A) — (z — A)^ 1 denote the corresponding resolvent operator. 

For any to G (0, 71"), we let 

^ = {zeC* : \Arg(z)\ <u} 

be the open sector of angle 2u around the half-line (0, +oo). By definition, A is a sectorial 
operator of type u if A is closed and densely defined, a (A) C S w , and for any 6 G (u;,7r) 
there is a constant Kg > such that 

(3.1) \\zR{z,A)\\<K e , zeC\%. 

We say that A is sectorial of type if it is of type to for any to > 0. 

Let (T t )t> be a bounded co-semigroup on X and let —A denote its infinitesimal generator. 
Then A is closed and densely defined. Moreover cr(A) C Si and for any z G C \ we 
have 

POO 

(3.2) R{z,A) = - e tz T t dt 

Jo 

in the strong operator topology (this is the Laplace formula). It is easy to deduce that A is 
a sectorial operator of type |. 

The following lemma is well-known. A semigroup (T t ) t>0 which satisfies (i) and/or (ii) 
below for some u G (0, |) is called a bounded analytic semigroup, see e.g. [23 1.5]. 

Lemma 3.1. Let (T t )t>o be a bounded co-semigroup on X with infinitesimal generator —A, 
and let u G (0, |). The following are equivalent. 

(i) A is sectorial of type uj. 

(ii) For any < a < | — uj, {T t )t>o admits a bounded analytic extension (T z ) z( zy, in 
B{X). 

For any 9 G (0, it), let if°°(Se) be the space of all bounded analytic functions /: Hg — > C. 
This is a Banach algebra for the norm 



||/||oo,* = SUp{|/(*)| : zeZg}. 
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Then we let H^°(Eg) be the subalgebra of all / G H°°(Eg) for which there exist two positive 
numbers s, c > such that 



(3-3) \f(z)\<c - ... . 





z 


s 


(1 + 


z\) 2s 



Let A be a sectorial operator of type uj G (0, 7r) on X. Let < 7 < < 7r, and let T 7 be 
the oriented contour defined by : 



(3.4) YJt) 



-te i7 , t G 

te" i7 , t g : 



In other words, T 7 is the boundary of £ 7 oriented counterclockwise. For any / G H™(Eg 
we set 



(3.5) 



It follows from (|3.1|) and (|3.3|) that this integral is absolutely convergent. Indeed (J3.3)) implies 

that for any < 7 < 9, we have 



(3.6) 







/r 7 


2; 



< 00 . 



Thus f(A) is a well defined element of B(X). Using Cauchy's Theorem, it is not hard 
to check that its definition does not depend on the choice of 7 G (00, 9). Furthermore, the 
mapping / > f(A) is an algebra homomorphism from H^°(Eg) into B(X) which is consistent 
with the functional calculus of rational functions. We say that A admits a bounded H 00 (Eg) 
functional calculus if the latter homomorphism is continuous, that is, there is a constant 
K > such that 

(3-7) \\f{A)\\<K\\fUg, f G H£°(Eg). 

Sectorial operators and H°° functional calculus behave nicely with respect to duality. 
Assume that X is reflexive and that A is a sectorial operator of type wonX. Then A* is a 
sectorial operator of type u on X* as well. Next for any 6 > to and any / G H°°(Eg), let us 
define 



(3.8) f(z) = f(z), z G Eg. 
Then /belongs to #°°(£ e ), and || /|U fl = H/Ike- Moreover, 

(3.9) f(A*) = f(A)* 

if / G H^°(Eg). Consequently, A* admits a bounded H°°(E e ) functional calculus if A does. 

We now turn to special features of sectorial operators with dense range. For any integer 
n > 1, let g n be the rational function defined by 

(3.10) g n (z) 



2 

n z 



(n + z)(l + nz) 



24 



MARIUS JUNGE, CHRISTIAN LE MERDY AND QUANHUA XU 



If A is a sectorial operator on X, the sequences (n(n + and (nA(l + nA)" 1 )^ are 

bounded. Further it is not hard to check that n(n + A)~ l x — > x for any x G X and that 
7^4(1 + n^4) _1 x — > a; for any a; G -R(A) (see e.g. j^U Theorem 3.8]). This yields the following. 

Lemma 3.2. Let A be a sectorial operator on X, and assume that A has dense range. Let 
{g n )n>i be defined by \3.1ttj) . Then 

sup ||g„(A)|| < oo and \\mg n (A)x = x for any x G X. 

n n 

Consequently, A is one-one. 

Let A be a sectorial operator of type uo G (0, ir) and assume that A has dense range. Our 
next goal is to define an operator f(A) for any / G H°°(Y;g), whenever 9 > uj. For any n > 1, 
the operator g n (A) is one-one and we have 

R(g n (A)) = D(A)f]R(A). 

The latter space is therefore dense in X. We let g = gi, that is 



z 



(WD =(! + ,).- 

Then for any 9 G (uj,tt) and any / G /f 00 (Se), the product function /<? belongs to H^(Eg) 
hence we may define (fg)(A) G B(X) by means of (|3.5jl . Then using the injectivity of g'(A), 
we set 

/(A)=^(A)- 1 (^)(A), 

with domain given by 

D(f(A)) = {xex : [(/ y )(A)](x)ei>(il)ni2(A)}. 

It turns out that f(A) is a closed operator and that D(A) fl C D(f(A)), so that 

/(A) is densely defined. Moreover this definition is consistent with ()3.5|) in the case when 
/ G H^°(T,g). Note however that f{A) may be unbounded in general. 

Theorem 3.3. (\54\ . |2T] _) Let < u; < 9 < n and let A be a sectorial operator of type u on 
X with dense range. Then f(A) is bounded for any f G H°°CEg) if and only if A admits a 
bounded if 00 (Eg) functional calculus. In that case, we have 

\\f(A)\\ <iq/1U,, feH°°(Z g ), 

where K is the constant from \3. 7\) . 

We also recall that the above construction comprises imaginary powers of sectorial opera- 
tors. Namely for any s G M, let f s be the analytic function on C\M_ defined by f s {z) = z ts . 
Then f s belongs to if 00 (Eg) for any 9 G (0, 7r), with 

(3.12) \\f s \\oo,e = e e \ s V 

The imaginary powers of a sectorial operator A with dense range may be defined by letting 
A ts = f s {A) for any s G R. In particular, A admits bounded imaginay powers if it has a 
bounded H°°(T>g) functional calculus for some 9 (see j^U Section 5]). 
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Remark 3.4. It follows e.g. from fU\ Theorem 3.8] that if A is a sectorial operator on a 
reflexive Banach space X, then X has a direct sum decomposition 

X = N(A) © ~R(A). 

Hence A has dense range if and only if it is one-one. Moreover the restriction of A to R(A) 
is a sectorial operator which obviously has dense range. Thus changing X into R{A), or 
changing A into the sum A + P where P is the projection onto N(A) with kernel equal to 
R(A), it is fairly easy in concrete situations to reduce to the case when a sectorial operator 
has dense range. 



Another way to reduce to operators with dense range is to replace an operator A by A + e 
for e > and then let e tend to 0. Indeed, let A be a sectorial operator of type wonl and 
observe that for any e > 0, A + e is an invertible sectorial operator of type u. In fact it is 
easy to deduce from the identity 

zR{z,A + e)= — ^— \(z - e)R(z- e,A)] 
.z — e\ 

that the operators A + e are uniformly sectorial of type uj, that is, for any 9 £ (u, it) there 
is a constant Kg > not depending on e > such that 

(3.13) \\zR(z,A + e)\\ < K g , zeC\%, s > 0. 

The following well-known approximation lemma will be used later on. We include a proof 
for the convenience of the reader. 

Lemma 3.5. Let A be a sectorial operator of type u on a Banach space X and let 9 £ (u>, 7r) 
be an angle. Then A admits a bounded H°° (Eg) functional calculus if and only if the operators 
A + e uniformly admit a bounded if 00 (Eg) functional calculus, that is, there is a constant K 
such that \\f{A + e)|| < -^||/||oo,e for any f £ H^°(E e ) and any e > 0. 

Proof. To prove the 'only if part, assume that A admits a bounded if 00 (Eg) functional 
calculus and let U$: Hq°(Eq) — > B(X) be the resulting bounded homomorphism. Let e > 
and let / be an arbitrary element of H™(Eg). We define a function h on Eg by letting 

h( z ) = f(z + e)-{^-, ZEZg. 
1 + z 

It is easy to check that h belongs to H$°(E g ), and that h(A) = f(A + e) - /(e)(l + A)' 1 . 
Moreover 

ll^lloo.e < Cell/Hoo.flj 
for some constant Cg only depending on 9. Then we have 

ll/^+^Hii^n + i/^iiKi+A)- 1 !! 

< ||^||||^||oo, e +||/||oo, e ||(l + ^)" 1 || 

<(iM^+ii(i+Ani)ii/iu,. 

This shows the desired uniform estimate. 
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To prove the 'if part, first observe that for any z E w , R(z, A + e) converges to R(z, A) 
when e — > 0. Thus given any / G H£°(Eq), we have 

lim\\f(A + e)-f(A)\\=0 
by (|H.5j) . (jSHSJ), and Lebesgue's Theorem. This concludes the proof. □ 

5.5. Completely bounded H°° functional calculus. 

We will introduce 'completely bounded versions' of sectoriality and H°° functional calculus 
for operators acting on noncommutative L p -spaces. Let (A4, r) be a semifinite von Neumann 
algebra, let 1 < p < oo, and let X = L P (M). We will use the space 

Y = S P [L P {M)] 

introduced in paragraph 2.B, and we recall from Lemma l2~Tl that S P ®X is a dense subspace 
of Y. Throughout we will use the following two simple facts. First, for any £ G (S p )*, £® ix 
(uniquely) extends to a bounded operator 

£®/x: S P [L P (.M)] — > L P (.M). 

Second, if y G S P [L P (.M)] is such that {£®Ix)y = for any £ G (S p )*, then y = 0. 

We simply write I for the identity operator on S p . Let A be a closed and densely defined 
operator on X = L P (M). We claim that the operator 

I ® A: S p ® D{A) — ► S P [L P (M)] 

is closable. Indeed let (y n )n>o be a sequence of S p <g> -D(A) converging to and assume that 
(J (g) A)y n converges to some y G Y. Then for any £ G (£ ® Ix)Vn belongs to D(A) 

and we have 

A(£ <g> I x )y„ = (£ ® ® A)y n — > p/i)?/. 
On the other hand, we have {i®Ix)y n —> 0. Since A is closed, this implies that (£®Ix)y — 0. 
Since £ was arbitrary, we deduce that y — 0. This proves the claim. 
The closure of 7 (g) A on ^[/^(.M)] will be denoted by 

I® A. 

Note that if A = T : L p (Ai) — > L P (M) is a bounded operator, then I®T is bounded if and 
only if T is completely bounded, with ||T|| C 6 = ||/<8>T|| (see paragraph 2.D). 

Lemma 3.6. Let A be a closed and densely defined operator on X, and let A = I® A on Y . 

(1) For any £ G (S p )* and any y G D(A), (£®Ix)y belongs to D(A) and 
(3.14) A{mx)y = (mix)Ay. 

(2) We have 

p(A) = {z G p(A) : R(z,A) is completely bounded}. 
Moreover, R(z,A) = I®R{z,A) for any z G p(A). 
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Proof. Part (1) is proved by repeating the argument showing that I <g> A is closable. 

To prove (2), let z G p{A) and let £ 6 By part (1), (z-A)(£®I x ) and (£®/ x )(>-.4) 

coincide on D(A), hence 

= {z - A)(£®I x )R(z,A). 
We deduce that for any e G S p and any x G X, we have 

(3.15) (£,e)x = (z-A)(€®I x )R(z,A)(e®x). 

Consider a pair (e, £) verifying (£, e) = 1, and define i2 z : X — > X by 

= (C®/x)-R(-2,^)(e®a;), x G X. 

It follows from above that R z is valued in -D(A) and that (z — = I X - Further it is clear 
that R z (z — A) = Id(a)- This shows that z G p(A), with R(z,A) = R z . Now (|3.15j) can be 
rewritten as 

(Z,e)R{z,A)x=(£®I x )R(z,A)(e®x), e G S p , £ G (S p )*, x G X. 

This shows that e (g> #(2, A)x = R(z, A) (e ® x) for any e <E S p and any x G X. Hence A) 
is completely bounded and I®R(z, A) = R(z,A). 

Conversely, let z G p(A) such that R(z, A) : X — > X is completely bounded, and consider 
7£ 2 = I®R(z, A): Y —>■ Y. Let ?/ G .D(.A). By definition of this domain, there is a sequence 
{y n )n>i in such that y n y and (J<g)A)y n — * .Ay. It is clear that lZ z (z— A)y n = y n 

for any n > 1 and passing to the limit we deduce that 7Z z (z — A)y = y. 

On the other hand, let y G Y and let u = lZ z y. Let (y n )n>i be a sequence in S p <g) X 
converging to y, and let u n = (I ® R(z, A))y n for any n > 1. Then w n belongs to S p ® D(A) 
and u n —>■ u. Moreover 

(I®A)u n = (I®AR(z,A))y n — ► (I®AR(z, A))y. 

Hence u = lZ z y G D(A), with AlZ z y = (I®AR(z,A))y. This shows that TZ Z is valued in 
D(A) and that (z — A)R z y = y for any y G Y. These results show that z G p(A). □ 

Definition 3.7. Let A be a sectorial operator of type uo G (0, 7r) on X = L P (.M). 

(1) VKe say i/iai A zs cb-sectorial of type u if I® A is sectorial of type uj on S p [L p (Ai)]. 

(2) Assume that (1) is fulfilled, and let 9 G (u, tt) be an angle. We say that A admits 
a completely bounded H°°(Ylg) functional calculus if I® A admits a bounded if°°(Ee) 
functional calculus. 

Proposition 3.8. Let A be a sectorial operator of type uj G (0, 7r) on X = L p (Ai). 

(1) A is cb-sectorial of type u if and only if R(z,A) is completely bounded for any z G 
C\H UJ and for any 9 G (u, 7r) there is a constant Kq > such that 

\\zR(z,A)\\ cb <K e , zeC\W e . 



28 



MARIUS JUNGE, CHRISTIAN LE MERDY AND QUANHUA XU 



(2) Assume that A is cb-sectorial of type u, and let 9 > to. For any f G H^iTlg), 
the operator f(A) is completely bounded and I®f(A) = f(I®A). Further A admits 
a completely bounded if 00 (Eg) functional calculus if and only if there is a constant 
K > such that 

||/(>i)IU< ff|l/lloo,«, f G H™(Eq). 

(3) Assume that A has dense range and is cb-sectorial of type to. Then I® A has dense 
range and for any 9 > u, we have 

m(A) = f(im), f g tf°°(s e ). 

Proof. Parts (1) and (2) are straightforward consequences of Lemma [3.61 and (J3.5j) . 

Assume that A has dense range and is cb-sectorial of type u>, and let A = I® A. Its range 
contains S p <S> R(A), hence it is a dense subspace of Y. Let / G if 00 (Eg) for some 9 > u. It 
is clear that the two operators f(A) and I®f(A) coincide on S p <8> R(g(A)). To prove that 
they are equal, it suffices to check that this space is a core for each of them. Since R(g(A)) 
is a core for f(A) and T®f(A) is the closure of I <g> f\A): S p <g> D(f(A)) -> Y, we obtain 
that S p (8) R{g{A)) is a core of I®f{A). 

Next, let y G D(f(A)), and let (g n )n>i be the sequence defined by f)3. lOj) . By Lemma I3~^l 
g n (A)y converges to y when n — > oo, and we also have 

f(A)g n {A)y = g n (A)f(A)y^f(A)y when n — oo. 

Now let (yk)k be a sequence of S P ®X converging to y. For any fixed n > 1, g n (A)yk belongs 
to <g) and we both have 

when — >• oo. This proves that S* 13 ® is a core of f(A) and completes the proof. □ 

We now turn to the special case of sectorial operators defined as negative generators of 
semigroups. Let (T t ) t >o be a bounded co-semigroup on X = L P (M). We say that (T t )t>o is 
a completely bounded semigroup if each T t is completely bounded and sup t>0 ||71|| c 6 < oo. 
In this case, each I ® T t extends to a bounded operator f®T t : S P [L P (M)] ~-+ S P [L P (M)} 
and a standard equicontinuity argument shows that (I®T t ) t > is a bounded c -semigroup on 
Y = S p [L p {M)]. 

Lemma 3.9. Let (T t )t>o be a completely bounded c^-semigroup on L P (M) and let A denote 
its negative generator. Then I®A is the negative generator of (I®T t )t>o, hence A is cb- 
sectorial of type ~. 

Proof. We let A = I®A, and we let B denote the negative generator of (I<8>Tt)t>o on Y. 
Applying the Laplace formula ()3.2|) to (T 4 ) t > and to (J®T t ) t > , we see that / <g> (1 + A)^ 1 
and (1 + B)^ 1 coincide on S p ® X. According to Lemma 13.61 this implies that —1 G p(A) 
and that (1 + ^/Tp 1 = (1 + B)~ x . Thus A = B. □ 
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Example 3.10. Let 1 < p < oo, and let (T 4 ) t > denote the translation semigroup on L P (R), 
that is, (T f /)(s) = f(s — t) for s G M, t > 0. Its negative generator is the derivation operator 
A = 4, with domain equal to the Sobolev space W 1,P (M). More generally for any Banach 
space Z, we can define the translation semigroup (Tf) t > on L P (M; Z) by the same formula, 
and its negative generator is the derivation A z with domain W 1,P (R; Z). It is clear that A z 
coincides with A £g> 1% on L P (IR) £g> Z. We noticed in R,emark 12 . 1 31 that we have a canonical 
identification L P (M; S p ) = S P [L P (M)]. Hence it follows from Lemma 13.91 that the operator 
I®4: coincides with the derivation operator on L P (IR; S p ). 

It turns out that for any 9 > |, the operator A z has a bounded H°°(T,g) functional 
calculus if and only if Z is a UMD Banach space (see j2Dl E21 EH])- Thus if 1 < p < oo, the 
operator 4 has a completely bounded H°°(Eq) functional calculus for any 9 > |, because 
S p is a UMD Banach space. 

3.C. Dilations. 

We will need the following result due to Hieber and Priiss 32,. 

Proposition 3.11. Let Z be a UMD Banach space. Let (Ut)t be a c^-group of isome- 

tries on Z, and let —B denote its infinitesimal generator. Then B has a bounded H°°(Tig) 
functional calculus for any 9 > |. More precisely there exists for any 9 > ~ a constant Cx,e 
only depending on 9 and X such that \\f(B)\\ < Cx,e\\f\\oo,e f or an U f H^(T, 9 ). 

Indeed using a transference technique, it is shown in jH2] that for any B as above and any 

11/(^)11 < 11/(^)11, 

where A z is the derivation operator on L 2 (R; Z) discussed in Example I3.1U1 Since A z has 
a bounded functional calculus for any 9 > |, this yields the result. 

Extending previous terminology, we say that a Co-group (U t )t on some noncommutative 
i/-space X is a completely isometric Co-group if each Ut : X — > X is a complete isometry. 
In this case, (I®U t )t is a c -group of isometries on S^fX]. 

Proposition 3.12. Let 1 < p < oo, and let M. be a semifinite von Neumann algebra. Let 
(T t )t>o be a contractive co-semigroup on L p (Ai) and let —A denote its infinitesimal generator. 
Assume that there exist another semifinite von Neumann algebra M! , a c^-group (U t ) t of 
isometries on L P (M'), and contrative maps J: L P (M) — > L P (M') andQ: L P (M') — * L P (M) 
such that 

(3.16) T t = QU t J, t > 0. 

Then A admits a bounded iJ°°(Se) functional calculus for any 9 > |. If further, (Ut)t 
is a completely isometric c^-group and J and Q are completely contractive, then (T t ) t > is 
completely bounded and A admits a completely bounded H°°(Y}g) functional calculus for any 
9>\. 
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Proof. Let —B denote the infinitesimal generator of (U t ) t on L p (Ai'). Let z be a complex 
number with Re(^) < 0. According to the Laplace formula ()3.2j) . we have 

R(z,A)=- e tz T t dt and R{z,B) = - e tz U t dt. 
Jo Jo 

Hence our dilation assumption (j3.16|) yields 

R{z,A) = QR{z,B)J. 

Then for any 9 > f and any / G H™(E e ), we have /(A) = Qf{B)J, by (JS3J). Therefore we 
have 

\\f(A)\\<\\Q\\\\J\\\\f(B)\\. 

The Banach space L p (Ai') is UMD, hence B has a bounded if 00 (Eg) functional calculus by 
Proposition 13. Ill Thus A also has a bounded functional calculus. 

If J and Q are completely contractive, I ® J and I <g>Q extend to contractions 

I® J: S P [L P {M)} — ► S P [L P {M')} and i®Q: 5 P [L P (A^')] — > S P [L P {M)}. 

If we assume that (Ut)t is a completely isometric group, we obtain that (Tt)t>o is a completely 
contractive Co-semigroup and we have 

I®T t = (iWt) (i® J) , t > 0. 

Since ^[^(Al)] and ^[//'(.M')] are noncommutative L p -spaces, it follows from the first 
part of the proof and Lemma f3. 91 that A = I®A has a bounded functional calculus 

for any 9 > | . □ 

Let .M ~ L°°(S) be a commutative von Neumann algebra and let {T t ) t > be a Co-semigroup 
of positive contractions on L P (H). Fendler showed in j27j that there exist a commutative 
L p -space L P (S'), a co-group (JJt)t of isometries on L P (E'), and contractive maps J: L P (S) — > 
and Q: -> i7(E) such that T t = QU t J for any t > 0. (This is a continuous 

version of Akcoglu's dilation Theorem PQI2]-) Applying Proposition 13.121 we deduce that A 
admits a bounded H°°(Y> g ) functional calculus for any 9 > | provided that —A generates a 
positive contraction c -semigroup on L P (T,), for 1 < p < oo. This result is due to Duong [21] 
(see also (201)- However it is still unknown whether an analog of Fendler's Theorem holds 
on noncommutative L p -spaces, and this is a significant although interesting drawback for 
the study of completely positive contractive semigroups on noncommutative L p -spaces. See 
Remark |5.9I for more on this. 
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4. Rademacher boundedness and related notions 

4- A. Column boundedness and row boundedness. 

Rademacher boundedness [7J has played a prominent role in recent developments of 
H°° functional calculus, see in particular [12], [10], [HO], [IB]- On noncommutative L p -spaces 
it will be convenient to consider two natural variants of this notion that we introduce below 
under the names of column boundedness and row boundedness. 

Let X be a Banach space and let T C B(X) be a set of bounded operators on X. We 
say that T is Rad-bounded if there is a constant C > such that for any finite families 
Ti, . . . , T n in J 7 , and X\, . . . , x n in X, we have 



(4.1) 



\^2e k T k (x k ) 



k=l 



< 



Rad(X) 



k=l 



Rad(X) 



In this definition, the norms || Hr^x) are given by (|2.2()jl . 

Let (A4,t) be a semifinite von Neumann algebra, let 1 < p < 00, and assume that 
X = L P (M). We say that a set T C B(L P (M)) is Col-bounded (resp. Row-bounded) 
if there there is a constant C > such that for any finite families Ti,...,T n in J 7 , and 
xi, . . . , x n in L P (.M), we have 



(4.2) 



k 



Lp(M) 



< C 



(4.3) 



Tk{xk)Tk(xk)* 



Lp{M) 



< 



C II(E 



The least constant C satisfying ()4.1[) (resp. (|4.2jl . resp. (|4.3jl ) will be denoted by Rad(jF) 
(resp. Col(jF), resp. Row(jF)). Obviously any Rad-bounded (resp. Col-bounded, resp. 
Row-bounded) set is bounded but the converse does not hold true except on Hilbert space. 

It follows from the noncommutative Khintchine inequalities (|2.21j) and (J2.22)) that if a set 
T C B(L P (M.)) is both Col-bounded and Row-bounded, then it is Rad-bounded. Moreover 
these three notions coincide on commutative L p -spaces (see Remark I2.13|) . However this is 
no longer the case in the general noncommutative setting. Indeed let T = {T} C B(L p (Ai)) 
be a singleton, and let H be an infinite dimensional Hilbert space. Then T is Rad-bounded 
with Rad(jF) = ||T|| whereas T is Col-bounded if and only if T ® In extends to a bounded 
operator on L p (Ai; H c ). Indeed this follows from (|2.10|1 . Likewise T is Row-bounded if and 
only if T Cg) In extends to a bounded operator on L p (A4;H r ). Thus applying (|2.3fij) and 
()2.37|) . the set {T} is both Col-bounded and Row-bounded if T is completely bounded. 

It turns out that if p 7^ 2, one may find T: L P (M) — ► L p (Ai) such that T '®Ih is bounded 
on the column space L P (A4; H c ), but T®Ih is not bounded on the row space L P (A4; H r ), see 
Example 14. ll below. Thus there are sets J 7 which are Rad-bounded and Col-bounded without 
being Row-bounded. Similarly, one may find subsets of B(L p (Ai)) which are Rad-bounded 
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and Row-bounded without being Col-bounded, or which are Rad-bounded without being 
either Row-bounded or Col-bounded. 

Example 4.1. Let H be an infinite dimensional Hilbert space and let 1 < p ^ 2 < oo be 
any number. For simplicity we write S P [H C ] and S p [H r ] for L P (B(£ 2 ); H c ) and L P (B(£ 2 ); H r ) 
respectively. It is well-known that there exists an operator T: S p — ► S p whose tensor ex- 
tension T (g) I H extends to a bounded operator on S P [H C ] but T <g> I H : S p [H r ] — ► S p [H r ] 
is unbounded. We provide an example for the convenience of the reader not familiar with 
matricial and operator space techniques. 

We assume that p < 2, the other case being similar. We regard elements of S p as infinite 
matrices in the usual way and we let denote the standard matrix units. Let T: S p — > S p 
be defined by T(E\j) = Eji for any j > 1 and T(Eij) = for any i > 2 and any j > 1. 
Thus T = U o P, where U : S p — > S p is the transpose map, and P: S p — > 5 P is the canonical 
projection onto the space of matrices which have zero entries except on the first row. It is 
easy to check that ||P|| C & = 1 and that \\U\\ = 1. Hence ||T|| = 1. We will show that 

(4.4) 



\T®I H : S P [H C ]^S P [H C 



We may assume that H = £ 2 , and we let (ek)k>i denote its canonical basis. Since P is 
completely contractive, the operator P <g> I H : S P [H C ] — > S P [H C ] is contractive, by ()2.36|) . 



Hence it suffices to show that U <S> Ijj is contractive on Span-fE^- 
Let (otjk)j,k>i be a finite family of complex numbers and let 

u = ^ctjkExj <g> e k . 

Applying (j2.1()j) . we find that 



e k ■ j,k > 1} C S p ® F. 



m ||sp[,Hc] = ( OtmkEjr 



j,k,m 



Si' 



Since J2j,k,m a 3k®mkEj m = (j2j,k a jk E kj) (Ej,fc "jfc -^fcj) > we deduce that 



\\ u \\sp[h C ] = ||y^ otjkEkj 

Applying the transpose map U, we have 
Then using fl2.10|) again we deduce that 



||(E7® IhHIsp 



5^ Ittjfel 



\^2 a jkE k j 



S2 



Since p < 2, we deduce that \\(U <S> Ih)u\\sp[h c ] < IMIsp^j, which proves (|4.4jl . 
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Now essentially reversing the above arguments, we see that if T®Ijj extends to a bounded 
operator on S p [H r ] with norm < K, then for any finite family {ctjk)j,k>i of complex numbers, 
we have 



\^2a jk E kj 

j,k 



< K\ 



sp 



7 , a ik E kj 



S 2 



which is wrong. 



Throughout the rest of this section, M. is a semifinite von Neumann algebra and we fix 
some 1 < p < oo. We will require the following lemma which extends Lemma 3.2]. 

Lemma 4.2. Let T C B(L P (M)) be a set of bounded operators, let I be an interval o/R ; 
let C > be a constant, and let 

T = jy f(t)R(t)dt R: I -> T is continuous, f G L l (I; dt), and J \f{t)\dt < Cj. 

(1) If T is Rad-bounded then T is Rad-bounded with Rad[T) < 2CRad(J z ). 

(2) If T is Col-bounded (resp. Row-bounded), then T is Col-bounded (resp. Row-bounded) 
with Col{T) < CCol{T) (resp. Row(T) < CRow(F) ). 

Proof. For the first assertion, recall that by fHl Lemma 3.2], the closed absolute convex 
hull aco(JF) of JF is Rad-bounded with Rad(aco(jF)) < 2Rad(jF). A standard approximation 
argument shows that C aco(jF), which proves the result. The same proof yields the 
second assertion, except that the factor 2 does not appear. □ 

It was observed in [HOI 4. a] that given a measure space E, an interval /cl, and a strongly 
continuous function $: I — > i?(L p (S)), then the set : t 6 /} is Rad-bounded if and 

only if there is a constant C > such that 



I dt 



< C 



i 2 

u(t)\ dt 



for any measurable function u: I — > L P (S) belonging to L 2 (I)). The aim of Proposition 
14.41 below is to extend this result to our noncommutative setting. We will need a standard 
approximation procedure that we briefly recall (see e.g. [2S1 HI. 2 Lemma 1] for details). 

Let (Q, /i) be a cx-finite measure space. By a subpartition of Q, we mean a finite set 
n = {ii, . . . , I m } of pairwise disjoint measurable subsets of Q such that < n{Ij) < oo for 
any 1 < i < m. Let Z be a Banach space and let 7r be a subpartition of f2. We may define 
a linear mapping E„ on L p (f2; Z) by letting 

M.r,) % ' ' 



Here denotes the indicator function if I. Then the mapping E n : L P (Q; Z) — > L p (f2; Z) is 
a contraction. Further if subpartitions are directed by refinement, then we have 

(4.6) lim \\E v u - u\\ p = 0, wGL p (ft;Z). 
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The use of the same notation E n for all Z and all p should not create any confusion. The 
following elementary lemma is easy to deduce from (|4.6|) and its proof is left to the reader. 

Lemma 4.3. Let (Q, //) be a a -finite measure space. Then for any a,b G L 2 (Q) and for any 
c G L°°(Q), we have 

/ cab = lim / E^(c)E n (a)E^(b) . 



Let (Q, /i) be a cx-finite measure space. If $: Q — > B(L P (M)) is any bounded measurable 
function, we may define a multiplication operator T$ : L 2 (Q; L P (M)) — > L 2 (Q; L P (M)) by 
letting 

(!*(«)) (t) = u G L 2 (fi;L p (M)). 

Proposition 4.4. Lei $: (O, //) — > B(L p (Ai)) be a bounded measurable function and con- 
sider the bounded set 

T = |— L J$(t)dn{t) :/cfl, < /i(J) < oo J C 



(1) // £/ie sei JF zs Col-bounded, then 

T $ : L p (.M;L 2 (ft) c ) L P (.M; L 2 (fi) c ) 

(2) // i/ie set T is Row-bounded, then 

T$ : L p (M;L 2 (fi) r ) ^L p (A^;L 2 (fi) r ) 

(3) J/ the set T is Rad-bounded, then 



T$: L p (M;L 2 (0) 



i/(.M;L 2 (fi) 



r-ad) 



boundedly. 



boundedly. 



boundedly. 



Proof. We first assume that JF is Col-bounded and we shall prove (1) by using duality. We 
let p' = p/(p — 1) be the conjugate number of p. Then we let u G L P (A4) ® L 2 (Q) and 
v G L P '(.M) (g> L 2 {VL). They may be written as 



u 



and 



for some finite families (a*)* C L 2 (fi), (a^)* C L P (M), (bj)j C L 2 (fi), and C L P '(.M). 
We claim that there is a constant K > not depending on w and t> such that whenever n is 
a subpartition of f2, we have 



(4.7) 



V E n ((^(-)x k ,y :j ))E n (a k )E n (b :j 



< K\\u\ 



LP(M;L2(n) c ) \\ v \\lp' (A4;L 2 (fl) r ) 
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Taking this for granted for the moment, we deduce that 
(T*{u),v) = [ mt)u(t),v(t))dfx(t) 



limV / K(($(-)x fc , % ))KK)K(&i) 



by Lemma f4. 31 It therefore follows from ()4.7|) that 

\(T^(u),v)\ < K\\u\\ LP{M . L 2 {n)c) \\v\\ LP >( M . L 2(n) r y 

By Lemma BHD! we deduce that T$ maps L 2 (fi) ® L P (.M) into L P (M; L 2 (tt) c ) and that 

||T»: L p (M;L 2 (n) c ) ^L p (M;L 2 (n) c )\\ < K. 

To complete the proof of (1), it therefore remains to prove (|4.7jl . We let E = along the 
proof of this estimate and we assume that E is defined by (|4.5jl . Then we have 



fc,i fcj i=l ^ ^ 



m j 



U 



Let (efc)fc>i be an orthornormal family in some Hilbert space H. Owing to (|2.14|) . we deduce 
that 



E / E(^{- )x k , yj ))E{a k )E{b ) 



< 



E 3 



m ) <g> ej 



LP(7W;ff c ) 



E — ^ 



LP'(M;H r ) 



Thus if we let K = Col(jF) denote the column boundedness constant of J 7 , we obtain that 



E / E(m.)x k , yj ))E(a k )E(b 3 ) <K £ * ( / 



x 



E i 



u ® e, 



Lp(M;H c ) 



Lp' (M;H r ) 



Now recall that E = E^ \ L 2 (Q) — > L 2 (J1) is a contraction. Equivalently, the linear mapping 
a: L 2 (f2) — > if defined by letting 



II L ^ 

cr(a) = E 1 

i=i M J *) 2 V A 



a e,- 
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for any a e L 2 (Q) is a contraction. Since 



m 1 f 

V — — - ( / u ) ® ei = {I L p ® 



it therefore follows from Lemma 12.41 that 



(4.8) 

Similarly, 
(4.9) 



m 1 

NT 1 ; 

v — U 

i=l M^) 5 



< u 



Lp(M;H c ) 



v <g> ej 



< IM 



Lp'(M;H r ) 



LP(M;H C )- 



LP'{M;H r )i 



whence (|4.7|) . 

The proof of (2) is identical to that of (1) and may be omitted. To prove (3), assume for 
instance that 1 < p < 2, the other case being similar. Let u, v and E = E n be as in the 
previous computation. Arguing as above, we find that 



V / E(m- )x k ,y j ))E(a k )E(b j 



< 



m i r 

Then it follows from (l2~2~2T) that 
i=l M 7 i) 2 K Jh 



u ) ® e, 



it ® e, 



LP(A^;// r+c ) 

Rad(jF) 



i=l M^i) 2 " 



LP'(M;Hrnc) 



i= i MA) 2 



it ® e, 



LP(M;H r+c ) C l 

Hence using Lemma f2. 41 as in the proof of (1), we deduce the following inequality 



LP(M;H r+c ) 



V / E^({^{-)x k ,yj))E^{a k )E^{bj 



< 



Rad(.F) 

~~ cT~ 



u 



LP(M;L 2 (n) r+c ) \\ v \\Lp'(M;L2(n) rnc )> 



which is the analogue of (|4.7jl . The rest of the proof of (3) is identical to that of (1), appealing 
to Remark 12. Ill in due place. □ 



Remark 4.5. Let $ and T be as in Proposition 14.41 It follows from the above proof that 
if T is Col-bounded, then the norm of T<j> : L P (M; L 2 (Q) c ) -> L P (M; L 2 {VL) c ) is less than or 
equal to Col(jF). Similar comments apply to the row case and to the Rademacher case, up 
to absolute constants. 

Remark 4.6. Let $: Q —>■ B(L P (M)) be a bounded measurable function, and assume 
that T$ maps L P (M; L 2 (Q) C ) into itself boundedly. If u e L P (M; L 2 (Q) C ) is a measurable 
function (in the sense of Definition 12. 7|) . then Tq>u also is a measurable function, namely 
\Tq>u]{t) = &(t)u(t). Indeed this is obvious if p < 2. Then if p > 2, let us consider 
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y G L P '(M) and b G L 2 {Vt). Applying Lemma PI with v(t) = [T|(y ® &)](*) = b(t)$(t)*y 



and this proves the claim. 

4-B. Col- sectorial, Row-sectorial, and Rad- sectorial operators. 

Following j32], we say that an operator A on some Banach space X is Rad-sectorial of 
Rad- type uo if A is sectorial of type uo and for any 9 G (uo, ir), the set 



is Rad-bounded. This is a strengthening of (jH.lj) . which says that the latter set merely has 
to be bounded. 

Next if X = L P (A4), we say that A is Col-sectorial (resp. Row-sectorial) of Col- type (resp. 
Row-type) uo if the set in (I4.1(J|) is Col-bounded (resp. Row-bounded) for any 9 G (a;, n). If A 
is both Col-sectorial of Col-type uo and Row-sectorial of Row-type uo, then is is Rad-sectorial 
of Rad-type uo. 

In this paragraph, we establish a series of simple results concerning these notions. 

Lemma 4.7. Let 1 < p, p' < oo be conjugate numbers, and let A be a sectorial operator 
on L P (A4). Let uo G (0, ir) be an angle. Then A is Col-sectorial of Col-type to on L P (A4) if 
and only if A* is Row-sectorial of Row-type uo on L P '(M.). Moreover A is Rad-sectorial of 
Rad-type uo on L P (A4) if and only if A* is Rad-sectorial of Rad-type to on L p '(Ai). 

Proof. Let T C B(L P (M)) be a set of operators, and let JF* = {T* : T G JF} c B(L P '(M)) 
be the set of its adjoints. Using ([2.15)1 . it is easy to see that T is Col-bounded if and only 
if T* is Row-bounded. If A is sectorial of type uj on L P (A4), then A* is sectorial of type 
uo on L p ' (M), and we have R(z,A)* = R(z,A*) for any z e C \ E^. We deduce that A is 
Col-sectorial of Col-type uo if and only if A* is Row-sectorial of Row- type uo. The proof of 
the 'Rad-sectorial' result is similar. □ 

Lemma 4.8. Let 9 G (0, ir) be an angle, and let U: T,g — > B(L p (Ai)) be a strongly continuous 
bounded function whose restriction to Eg is analytic. If the set {U(z) : z G dT,g} is Col- 
bounded (resp. Row-bounded, resp. Rad-bounded), then {U(z) : z G E e } also is Col-bounded 
(resp. Row-bounded, resp. Rad-bounded). 

Proof. In the Rademacher case, this result is proved in [7^1 Proposition 2.8]. The proofs for 
the other cases are identical, using Lemma f4 .21 □ 

Lemma 4.9. Let (T t )t>o be a bounded co-semigroup on L P (M) with infinitesimal generator 
—A, and assume that A is sectorial of type uo G (0, |). Then A is Col-sectorial of Col-type 



yields 




(4.10) 



[zR(z, A) : z G C\E e } 
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lu if and only if for any angle a G (0, | — lu), the set {T z : z G S Q } C B(L P (A4)) is 
Col-bounded. The same result holds with Col-boundedness replaced by Row-boundedness or 
Rad- boundedness. 

Proof. This result is an analog of Lemma f3 .11 Again it is proved in (7^1 Theorem 4.2] in the 
Rademacher case, and the proofs for the other cases are identical. □ 

Remark 4.10. Let A be a sectorial operator of type u G (0, 7r) on some Banach space X. 
For any positive real number a > 0, we let A a denote the corresponding fractional power of 
A. If au < 7r, then A a is a sectorial operator of type aw (see e.g. [5, Proposition 5.2]). It 
is well-known to specialists that with the same proof, one obtains that A a is Rad-sectorial 
of Rad- type au if A is Rad-sectorial of Rad-type lu. Moreover if 9 and a>9 both belong 
to (0,vr), if / G H^(E a6 ) and if f a G H$°(E e ) is defined by f a (z) = f{z a ), then we have 
f a (A) = f(A a ). Thus A a has a bounded H°°(T, ag ) functional calculus provided that A has 
a bounded H°°(T, e ) functional calculus. 

Now assume that X = L P (A4) is a noncommutative L p -space. We observe that mimicking 
again the proof of [5J Proposition 5.2], and using Lemma 14.21 (2), we have that A a is Col- 
sectorial (resp. Row-sectorial) of Col-type (resp. Row-type) equal to aw if A is Col-sectorial 
(resp. Row-sectorial) of Col-type (resp. Row-type) equal to lu. 

In |4~2"1 Theorem 5.3, (3)], Kalton-Weis showed that an operator with a bounded H°°(Eg) 
functional calculus on a Banach space X is Rad-sectorial of Rad-type 9 provided that X 
satisfies a certain geometric property called (A). According to [J21 Proposition 3.2], any 
UMD Banach space X satisfies this property. We deduce the following statement. 

Theorem 4.11. Let 1 < p < oo and let A be an operator on L p (Ai) with a bounded if°°(Ee) 
functional calculus. Then A is Rad-sectorial of Rad-type 9. 

In the next statement, we establish a variant of the above result for Col-sectoriality and 
Row-sectoriality (see also Remark I4.13|) . 

Theorem 4.12. Let A be a sectorial operator on L P (A4), with 1 < p < oo. Assume that 
A admits a completely bounded if°°(Se) functional calculus for some 9 G (0, 7r). Then the 
operator A is both Col-sectorial of Col-type 9 and Row-sectorial of Row-type 9. 

Proof. We will only show the 'column' result, the proof for the 'row' one being the same. 
Given a number v > 9, we wish to show that the set 

T v = {zR(z,A) : z G C\ K}- 

is Col-bounded. We consider A = I® A on Y = S P [L P (M)] (see paragraph 3.B). This is a 
noncommutative L p -space, hence applying Theorem 14 . 1 1 1 we obtain that the set 



r v = {zR(z,A) : zeC\E v } 



:S<) 



is Rad-bounded. Now consider xi, . . . , x n in L P (A4) and T 1; . . . , T n in T v . For any finite 
sequence (e k )i< k < n valued in { — 1, 1}, we have 



E 



X k X k 



LP(M) 



ZkXk) K^k^k, 



LP(M) 



/ J £k E, 



kl^Xk 



k=l 



SP[LP(M)\ 



(see Remark 12.31 (3)). Then passing to the average over all possible choices of e k = ±1, we 
deduce that 



k=l 



x k x k 

k 

Likewise we have 

|| (y^Tk{xk)*Tk{x k ) 

k ~ k=l 

It therefore follows from Lemma f3. 61 (2), that 



lp{M) 



LP(M) 



1^2 e k (E k i®x k ) 



Ra,d(SP[LP(M)}) 



\j2^k (I S p®T k )(E kl ®x k ) 



yT k (x k )*Tj 



k\Xk. 



LP(M) 



< Rad(T v ) ||(V x k x k 



Rad(SP[LP(M)]) 



Lp(M) 



This concludes the proof, with Co\(T u ) < Rad(T !/ ). 



□ 



Remark 4.13. The complete boundedness assumption in Theorem 14 . 1 21 cannot be replaced 
by a boundedness assumption. Indeed assume that 1 < p / 2 < oo, let uj G (0, it) be 
an angle, and assume that M. = B(£ 2 ). According to Example 14.11 we have a bounded 
operator T: L P (M) — > L P (M) such that T ® I H does not extend to a bounded operator 
on L P (A4; H c ). Shifting T if necessary we may clearly assume that cr(T) is included in the 
open set E^. Then T is invertible and o~(T~ l ) C E w . Hence there exists a positive number 
e > such that cr(T _1 — e) C E w . We let A = T _1 — e. By construction, A is a bounded 
and invertible sectorial operator of type uj. Hence it admits a bounded if 00 (Eg) functional 
calculus for any 9 > uj. However R(—e, A) = — T, and {T} is not Col-bounded. Hence A 
cannot be Col-sectorial. 



4-C. Some operator valued singular integrals. 

We wish to prove a criterion for the boundedness of certain operator valued singular 
integrals which will appear both in Section 6 and in Section 7 below. We shall work on 
the measure space fio = t)- Let k: fio x B^LP^M.)) be a bounded continuous 

function. We may define an operator T: L 1 ^; L P (M)) — > L°°({1 ; L P (M)) by 

r°° dt 
Tu(s)= / K(s,t)u(t) — , ueL 1 {n -L p {M)). 
Jo t 

Then we say that k(s, t) is the kernel of T. 
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If T maps (L 1 (n )nL 2 (n ))®IJ'(M) into L P (M; L 2 (tt ) c ) and if there is a constant C > 
such that \\Tu\\ LP{M . L 2 {no)c) < C\\u\\ LP(M . L 2 {no)c) for any u in (L l {Vt ) n L 2 {VLq)) ® L P (.M), 
then T uniquely extends to a bounded linear mapping, that we still denote by 

T: L p (M;L 2 ({l ) c ) ^ L P (M; L 2 ({l ) c ). 

Indeed, (L^o) H L 2 (fi )) <g> L P (.M) is dense in L P (M; L 2 (tt) c ). Moreover a standard ap- 
proximation argument shows that this extension coincides with the original operator T on 
L 1 (f2 ; L P (M)) n L P (A4; L 2 (Q ) C ). In this case we simply say that the operator with associ- 
ated kernel k(s, t) is bounded on L p (j\4; L 2 (Qq) c ). We define similarly the boundedness of T 
on L p (M; L 2 (n ) r ), or on L P (M; L 2 {Q ) rad ). 



For any angle to G (0, tt), we define 

(4.11) F 00 (S w+ ) = U, >w iJ 00 (S e ) and H™(Y, W+ ) — Ug >UJ H^ 2 (Eg) . 

Let A be a sectorial operator of type uj on L P (M). For any F G if^°(£ w+ ) and any t > 0, let 
= i^(^4), where F t (z) = F{tz). Using Lebesgue's Theorem and ()3.5|) . it is not hard 
to see that the function t \— > F(tA) is continuous and bounded on f2 (see also Lemma [6.51 
below). Thus for any Fx, F 2 G if^°(S a , + ), the kernel K(s,t) = F 2 (sA)Fi(tA) is continuous 
and bounded on Qq x Q q . The study of operators associated with such kernels for sectorial 
operators on Hilbert space goes back to 



Theorem 4.14. Let A be a sectorial operator of type uj on L p (Ai), and let Fx, F 2 G 

(1) If A is Col-sectorial of Col-type uj, then the operator with kernel F2(sA)Fi(tA) is 
bounded on L P (M; L 2 (fi ) c ). 

(2) If A is Row- sectorial of Row-type uj, then the operator with kernel F 2 (sA)Fi(tA) is 
bounded on L P (M; L 2 (£l ) r ). 

(3) If A is Rad-sectorial of Rad-type uj, then the operator with kernel F2(sA)Fi(tA) is 
bounded on L P (M; L 2 (£l ) rad ). 

Proof. We shall only prove (1), the proofs of (2) and (3) being similar. We let 9 > uj be such 
that Fx, F2 G if^°(Se) and fix some 7 G (uj, 9). Then applying ()3.5)1 and the homomorphism 
property of the if 00 functional calculus, we may write our kernel as 

(4.12) F 2 (sA)Fx{tA) = — F 2 {sz)F 1 (tz)R(z, A) dz , t > 0, s > 0. 

We shall apply Proposition 14.41 on the measure space (fi,/x) = (r 7 , yf\)- Our assumption 
that A is Col-sectorial of Col-type uj implies that the set {zR(z, A) : z G T 7 } is Col-bounded. 
It therefore follows from Lemma 14.21 that the set 

dz 

zR(z,A) — : / C T 7 , < fi(I) < 00 



//(/) 
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is Col-bounded as well. Hence by Proposition 14.41 t ne function 

0(z) =- zR ( z ' A ) 

induces a bounded multiplication operator 
(4.13) T$ : L' P (M; L 2 {Vt) c 



2m 



-L%M;L 2 (fi) c ). 

Our next goal is to show that we may define bounded linear mappings S\ : L 2 (Q ) — > L 2 (Q) 
and S 2 : L 2 (Q) -> L 2 (ft ) by letting 



(4.14) 
(4.15) 

First observe that 

(4.16) if = sup 

<>o Jr. 



Sia(z) 



, x / x dt 
F 1 (tz)a(t) j, 



a G L 2 (Q ); 



S 2 b{s)= [ F 2 (sz)b(z)—, beL 2 (n). 

JT-, Z 



\Fi{tz) 



dz 



< oo 



and 



K = sup / 

zer 7 Jo 



i ^ / x i dt 
\Fi(tz) \ — < oo 



Indeed, changing z into tz does not change J r | -Pi (fc 



dz I 



hence K — J r \Fi 



1 cte I 



and 



this number is finite by (|3.6jl . On the other hand, for any z6T 7 \ {0} we have 



T 



+ 



\Ftitz) 



dt 

T 



\Fi(X)\ 



dX 



hence K' < K < oo. 

We let a be an arbitrary element of L 2 (Qq). Then 

dt 



|Fi(tz)a(t)| 



)' 






z 



< 



JM><)(J>> 



\{tz)\\a(t)\ 2 



dz 



by Cauchy-Schwarz, 



<K' 



|Fi(te)||a(t)| 



|a(t) 



,2 dt 

T 



by (|4.16|) . This shows that (|4.14J) induces a bounded mapping with 



H^: L 2 {Q ) — ► L 2 {Q)\\ < \fKK>. 

The proof of the boundedness of S 2 is similar. Owing to Lemma \2A\ we may extend Ilp ®S\ 
and Ilp ® S 2 to bounded mappings 

5i : L P (.M; L 2 (fi ) c ) — > L P (M; L 2 ({l) c ) and <? 2 : L P (M; L 2 (ft) c ) — > L P (.M; L 2 (fi ) c )- 

The same computations as above show that I LP £g> and I LP ® S2 also extend to bounded op- 
erators from L 2 {Q ; L P {M)) into L 2 (ft; L P {M)) and from L 2 (fi; L P (.M)) into L 2 (Q ; L P (M)) 
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respectively. Moreover these tensor extensions are given by the integral representations 
flOU) and flUEJ). Thus we find that 

(4.17) S lU (z)= / F^uit)-, nGL 2 (fi ;W)nL p (M;L 2 (fl ) c ); 

Jo t 

dz 



(4.18) S 2 v(s)= F 2 (sz)v(z)—, v e L 2 (n;L p (M))nL p (M;L 2 (n) c ). 

</r 7 z 

Now recall ()4.1Hj) and consider the composition operator 

S 2 n S : L 2 (fi ) c ) — I7(.M; L 2 (fi ) c )- 

We claim that i*2(sA).Fi(L4.) is a kernel for this operator, which will conclude the proof. To 
check this claim, we consider some u G (L l (Q ) n L 2 (f2 )) <8> L P (.M). It follows from ()4.17|) 
and (|4"T5J) that T S lU G L 2 (ft; L P (M)) H L P (.M; L 2 (ft) c ) with 

[T* 5- lU ] (z) = — Fx(tz)zR(z, A)u(t) -, 3 G T 7 . 

Hence applying ()4.18j) with v = T<pS\u, we obtain that 

[S 2 T*S lU \(s) = ^-j r f 2 N(|°° F 1 (tz)zR(z 1 A)u(t)jj ^ 

f°° dt 
= / F 2 (sA)F 1 (tA)u(t) — 
Jo t 

by Fubini's Theorem and (|4.12|) . □ 
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5. NONCOMMUTATIVE DIFFUSION SEMIGROUPS 

In this section we will focus on a special class of semigroups acting on noncommutative 
L p -spaces. Throughout we let (A4, r) be a semifinite von Neumann algebra. 
Let T : Ai — » M. be a normal contraction. We say that T is selfadjoint if 

(5.1) r(T(x)y*) = r(xT(y)*), x, y G M n L\M). 
In this case, we have 

\r(T(x)y)\ = \r(xT(y*y)\ < ||x||i||T(j/*)*lloo < IMIilMU 

for any x, y in M.C\L l {M). Hence the restriction of T to M. HL 1 (A4) (uniquely) extends to a 
contraction T\ \ L l (M.) — ► L 1 (7W). Then according to (|2.4jl . it also extends by interpolation 
to a contraction T p : L p (Ai) — > L P (.M) for any 1 < p < oo. We write = T for convenience. 
Then using the notation introduced in (|2.5jh we obtain that 

t; = t;„ i< p <oo, i + i = i. 

Indeed this follows from (j5.1j) . and the hypothesis that is normal. In particular, the 
operator T 2 : L 2 (M) — > L 2 (.M) is selfadjoint. 

It T is positive, then each T p is positive, and hence T° = T p . Thus in this case, we have 
T* = Tpi for any 1 < p < oo. 

If T: .M — » is a normal selfadjoint contraction as above, we will usually use the same 
notation T: L p (Ai) — * L P (.M) instead of T p , for all its //-realizations. 

Let (T t )t>o be a semigroup of operators on M.. We say that (T t )t>o is a (noncommutative) 
diffusion semigroup if each T t : ^Vl — >• M. is a normal selfadjoint contraction and if for any 
x G A4, T t (x) — > x in the w*-topology of when t —>• + . It follows from above that such 
a semigroup extends to a semigroup of contractions on L p (Ai) for any 1 < p < 00, and 
that (T t )t>o is a selfadjoint semigroup on L 2 (M). Moreover (T t )t>o is strongly continuous 
on L P (A4) for any 1 < p < 00, by 22, Proposition 1.23]. In general we let — A p denote the 
infinitesimal generator of the realization of {T t ) t > on L P (M). If further each T t : A4 — > Ai 
is positive, then 

(5.2) A* = A p ,, Kp<oo, 1 + 1 = 1. 

y p p' 

Indeed in this case, the dual semigroup of the realization of (T t ) t >o on L P (M) is exactly the 
realization of (T t ) t > on L p (A4). Note that our terminology extends the one introduced by 
Stein in [721 Chapter 3] in the commutative setting. 

Remark 5.1. Let T : M. — » M. be a normal complete contraction, and assume that T 
is selfadjoint. The tensor extension ® T uniquely extends to a normal contraction 

T®T: B(f )®M -> B(£ 2 )®M, and it is easy to check that I®T is selfadjoint. For any 
1 < p < 00, let T p \ L P (M.) — > L p (Ai) be the //-realization of T. Then T p is completely 
contractive and J®T P : 5 P [L P (A1)] -> S P [L P (A^)] is the ^-realization of I^T^. This is 
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proved by applying the above results to I^T^. An alternative route it to apply (|2.38|) with 
p = 1 to obtain that T± is a complete contraction, and then to deduce that ||T p || c b < 1 for 
any p G (1, oo) by interpolation. 

Let (T t )t>o be a noncommutative diffusion semigroup on M.. We say that (T t ) t > is a 
completely contractive diffusion semigroup if T t : A4 — > M. is a complete contraction for any 
t > 0. In this case, (I®T t ) t >o is a noncommutative diffusion semigroup on B(£ 2 )®J\A. We 
say that (T t )t>o is a completely positive diffusion semigroup if T t : M. — >• .M is completely 
positive for any i > (see paragraph 2.D). We recall that a completely positive contraction 
on a C*-algebra is a complete contraction (see e.g. [SUl Chapter 3]). Thus a completely 
positive diffusion semigroup is a completely contractive one. 

Remark 5.2. We can consider noncommutative diffusion semigroups from a slightly different 
point of view. Suppose that (T t ) t > is a selfadjoint semigroup of contractions on L 2 (M). 
Suppose further that for any t > 0, T t extends to a contraction T l t : L X (A^) — > L 1 (A^), and 
that t>o is strongly continuous. Then (T t ) t > 'is' a noncommutative diffusion semigroup. 
Indeed, for any t > 0, Tj*^ : .M — > .M is a normal selfadjoint contraction, T™ t — > in the 
point u>*-topology, and the L 2 -realization of Tj"° coincides with T t for any t > 0. 

We will need the following 'sectorial' form of Stein's interpolation principle (see e.g. [721 
III. 2] or 78 ). In that statement, we let 

S{9) = {z G C* : < Arg(^) < 9} 

for any angle 9 G (0, tt). 

Lemma 5.3. Let (E , E x ) be any interpolation couple of Banach spaces, and for any a G 
(0,1), let E a = [E ,Ei] a be the interpolation space obtained by the complex interpolation 
method. We consider a family of bounded operator U(z) : Eq D E\ — > Eq + E\ for z G S[9). 
Assume that: 

(a) For any x G EqHEi, the function z i— > U(z)x is continuous and bounded, and its 
restriction to the interior of S(9) is analytic. 

(b) For any x G E D J5i, U(t)x G £?o and U(te )x G £?i /or any t > 0, and t/ie resulting 
functions t i— > U(t)x and t i— > U(te ie )x are continuous from (0, oo) into £"o and i?i 
respective/?/. 

(c) There exist nonnegative constants Cq, C\ such that for any x G E'oflE'i and an?/ 1 > 0, 
we nave 

||C/(t)x|| Bo < C ||s||b and ||£/(te* e ):r|Ui < Ci||a;|| Bl . 
Taen /or any number a G (0, 1) and any t > 0, U(te tae ) maps E fl i?i mto E a , with 
\\U(te ia6 )x\\ Ea < C^ a C^\\x\\ Eai x G E n £i. 
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Throughout this section, we let 

1 1 

uj p = n - - - 
p 2 

for any 1 < p < oo. 

Proposition 5.4. Let (T t ) t > be a noncommutative diffusion semigroup on M. and for any 

1 < p < oo, let —A p denote the generator of (T t )t>o on L p (Ai). Then A p is a sectorial 
operator of type uj p . 

Proof. This result is well-known in the commutative case and we simply mimic its proof. 
By duality we may assume that 1 < p < 2. We let p' denote the conjugate number of p. 
First we note that since (T t )t>o is a selfadjoint semigroup on L 2 (j\4), then A 2 is a positive 
selfadjoint operator. Hence A 2 is sectorial of type and by spectral theory, 

T z = e~ zM : L 2 (M) — > L 2 (M) 

is a well-defined contraction for any complex number z such that Re(z) > 0. Let us apply 
Lemma O with E = L l {M), E x = L 2 (M), < 9 < f , and U(z)x = T z x. According to 
(J231), we have [L l (M), L 2 (M)} 2 = L P (M). Hence we obtain that 

(5.3) \\T Z : L P (M) — > L P (M) \\ < 1 

for any z G C* such that < Arg(z) < ^. Likewise, (|5.Hjl holds true if — —, < Arg(^) < 0. 
Then Lemma EH) ensures that A p is sectorial of type | — ^ = u p . □ 

Remark 5.5. Let (T t )t>o be a noncommutative diffusion semigroup on Ai, and consider 
two numbers 1 < p, q < 00. Let u = m&x{u) p , u q }, so that A p and A q are both sectorial 
operators of type uj. It easily follows from the Laplace formula ()3.2)1 and from (|H.5jl that for 
any 6 > uj and any / G H£°(Eg), f(A p ) and f(A q ) are consistent operators, that is, they 
coincide on L P (A4) fl L q (M). Likewise if A p and A q both have dense ranges and admit a 
bounded H°°(Eg) functional calculus for some 9 > uj, then f(A p ) and f(A g ) are consistent 
for any / G H°°(Eg). Indeed for x G L P (M) fl L q (M), g n (A p )x = g n (A q )x is a common 
approximation of x in L P (.M) and in L q (Ai), by Lemma f3. 21 Hence 

= L p -lim(fg n )(A p )x = L q — \im(fg n )(A q )x = f(A q )x. 

n ' n 

The next theorem is the main result of this section. We refer to paragraph 2.D for the 
definition of 2-positivity. 

Theorem 5.6. Let (T t ) t > be a noncommutative diffusion semigroup on j\4 and for any 
1 < p < 00, let —A p denote the generator of (T t ) t > on L P (M). 

(1) If Tt is 2-positive for any t > 0, then A p is Col-sectorial (resp. Row- sectorial) of 
Col-type (resp. Row-type) equal to uj p . 

(2) IfT t is positive for any t > 0, then A p is Rad-sectorial of Rad-type uj p . 
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Proof. (1): We assume that T t is 2-positive for any t > 0. If 1 < p,j/ < oo are conjugate 
numbers, then A* = A p > by ()5.2j) . According to Lemma f4.7[ we may therefore assume that 
2 < p < oo in our proof of (1). Our first step consists in showing that the set 

T v = {T t : L P {M) — ► L P (M) : t > 0} 

is Col-bounded. Since T t is 2-positive and contractive, we have 

(5.4) T t (x)*T t (x) < T t (x*x), x G L P (M). 

Indeed if x G A4, this is Choi's extension of the Kadison-Schwarz inequality for 2-positive 
maps on unital C*-algebras (see [TH] or [HOI Ex. 3.4]). For an arbitrary x G L P (J\A), let (xj)j>i 
be a sequence in L p (M)r\M. such that \\x— Xi\\ p — > when i — > oo. Then ||a;*a; — x*Xi\\ e — ► 0. 
Since T t is continuous on L§(.M) we obtain that T t (x*x) is the limit of T t (x*Xi) in La(.M). 
Likewise since T t is continuous on L P (A4), we see that T t (x)*T t (x) is the limit of T t (xi)*T t (xi) 
in L*{M). Since (|5.4|) holds true for any x i; it holds true for x as well. 

Let ti, . . . , t n be nonnegative real numbers, and let x%, . . . x n in L P (A4). We have 



^T tk (x k )*T tk (x k \ 



k=l 



fc=l 



< 



fc=i 



[x k x k/ 



by (|5.4|) . Let 1 < r < oo be the conjugate number of |. Since T tk (x* k x k ) is positive, there 
exists some y G L r (.M) + such that ||j/|| r = 1 and 



k=l 



tk \ x k x k, 



^2T tk (x* k x k ),y 



k=l 



By the noncommutative maximal ergodic theorem for positive diffusion semigroups jTTKl Cor. 
4 (iii)] (see also j3H]), there exists some ip G L r (M) + such that T t (y) < ip for any t > and 
IMIr < K, where K > 1 is an absolute constant not depending on y. By assumption the 
adjoint of the La-realization of T t is equal to the //-realization of T t for any t > 0, hence 



J2 T t k (x* k Xk) =(y2xlx k ,T tk (y) 



k=l 



k=l 



< 



^2x* k x k ,(f 

k=l 



This shows that 



< WfWr \\J2x* k x k 



k=l 

n 



< K 



£ 

k=l 



x k x k 



J2T tk (x k yT tk (x k )Y < VK\\{y2xlx k 



k=l 



k=l 
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Thus T v is a Col-bounded set, with Col(jF p ) <yK. 

We fix some (3 G (0, ~). Our second step consists in showing that the set 



G p = {T tei0 : L P (M) — > L P (M) : t > 0} 
is Col-bounded. For we define 

^-2/^ 2/3 
g = p I and a = — . 

V 7T — / 7T 

These numbers are chosen so that + ^ = -. Thus we have L P (M) = [L q (Ai), L 2 (A4)] a 
by (|2.4jl . More generally, it follows from ()2.13j) that for any positive integer n > 1, we have 

(5-5) L P (A<; (Oc) = «) c ), L 2 (A<; (£) e )] a . 

We consider nonnegative real numbers t\, . . . ,t n , and apply Lemma 15.31 with the spaces 
E = L q (M; (£ 2 n ) c ), E 1 = L 2 (M; (£ 2 n ) c ), the angle = f , and the mappings U(z) defined by 
letting 



n n 



fe=l fc=l 



£fc <8> e fe J = V" T ztfc (x fe ) <g> e fe , 



for x x , . . . ,x n G L 2 (M) n L*(M). We note that (3 = a6. Since L 2 (M; (£ 2 n ) c ) = £ 2 n (L 2 (M)) 
(see Remark 12.31 (1)). and since each T.i* : L 2 (M) — > L 2 (M) is a contraction, we see that 

\\U{te^):E x — >E X \\<1, t > 0. 

On the other hand, using the fact that T q is Col-bounded, we have 

\\U(t): E ^E \\ <Col(F q ), t>0. 

Hence U(e tf3 ) : E a — > E a has norm less than or equal to Co\(J r q ) 1 ~ a . Thus we find that 



<g> e fc ^Colff,) 1 - Vx t ®e t 

1^ W(M;(^) C ) Hf^ 



Lf(X;(£2) c ) 



for any xi, . . . , a; n G L P (.M). This shows that Q p is Col-bounded. 

By symmetry, we have that {T te -ip : L P (M.) — > L P (.M) : i > 0} also is a Col-bounded 
subset of B(L P (J\4)). Now appealing to Lemma l4~%l we deduce that the set 

{T z : L p (M) ^L p (M) : zeZp} 

is Col-bounded. Since this holds true for any /3 < -, this implies by Lemma 14.91 that A p is 
Col-sectorial of Col- type | — -. 

A similar proof shows that A p is Row-sectorial of Row-type | — -. 

(2): In this part, we only assume that T 4 is positive for any t > 0, and aim at showing 
that A p is Rad-sectorial of Rad-type co> p . Again we may assume that p > 2, and we follow a 
similar scheme of proof. The first step consists in showing that 

T = {T t : L P {M) — ► L P {M) : t > 0} 
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is Rad-bounded. Since the T t 's are no longer assumed to be 2-positive, the inequality (|5.4j) 
is no longer available. However we have 

T t {x) 2 < T t {x 2 ) 



(5.6) 



iix = x* G L P (M). 



If x G M. is selfadjoint, this is the Kadison-Schwarz inequality 40, for positive maps, and 
the case when x G L p (Ai) is selfadjoint follows by approximation. 

Let ti, . . . , t n be nonnegative real numbers, and let x±, . . . x n in L p (Ji4) such that 



max 



x k x k 



< i. 



According to (j2.21|) . it suffices to show that we have 



(5.7) 



(^ T t k {xk)*T tk {x k/ 



< K and 



^T tfc (x fc )Ti fc i 



Xk 



for some constant K > not depending either on the £&'s or the x' k s. Arguing as in the 
proof of (1) and using ()5.6|) as a substitute for ()5.4|) . we obtain an inequality ()5.7|) in the 
case when each x k is selfadjoint. 

For arbitrary x^s, let us consider the real and imaginary parts Ke(x k ) and lm(x k ), which 
are selfadjoint elements of L P (M). We have 



J2[Re(x k )f 



\y^Re(x k )®e k 

\^ LP(M;(il) c ) 

\ \\^2(xk + x* k ) ® e k 



< 



< 



2 

< 1. 



U IE 



x k <X> e fc 



LP(M;(el) c ) 

+ I 
+ I 

LP(M;(e 2 n ) c ) II 



LP(Mj(^) c ) 
L"(M;(^)r) 



Hence 



^[T 4fc (Re(x fc ))] 2 )- 



by the preceding part of the proof. Likewise, we have 



J2[Tt k (lm(x k ))] 2 y 



< K 



< K. 



Since 



J2 T t k (xk)*T tk (x h ) 



< 



J2[T tk (Re(x k ))Y) 2 + \\r£[T tk {lm(x k ))] 



2\ 2 
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we deduce that the first half ()5.7|) is fulfilled, up to doubling the constant. The second half 
holds true as well by the same arguments. 

Now arguing as in the proof of (1), it suffices to show that for any (3 G (0, |), the set 

G = {T te ^: L p (M) — > L p (M) : t > 0} 

is Rad-bounded. The proof of this fact is essentially similar to the proof that the set Q p is 
Col-bounded in the proof of (1). The only significant change is that one has to use (|2.33|) 
with r = 2 in the place of (|5.5p . Details are left to the reader. □ 

Remark 5.7. Let T: A4 — > M. be a selfadjoint normal contraction. Then arguing as in the 
proof of Theorem I5.fi[ we find that if T is positive, then the set 

{T n : n > 0} C B{L P {M)) 

is Rad-bounded for any 1 < p < oo. If further T is 2-positive, then this set is both Col- 
bounded and Row-bounded. 

Our next statement is an angle reduction principle for noncommutative diffusion semi- 
groups. 

Proposition 5.8. Let (T t ) t > be a noncommutative diffusion semigroup on M. and for any 

1 < p < oo, let —A p denote the generator of (T t )t>o on L P (M). Assume further that for any 
1 < p < oo and for any 9 > | ; A p admits a bounded if 00 (Eg) functional calculus. Then for 
any 1 < p < oo, A p actually admits a bounded if°°(E£>) functional calculus for any 9 > uo p . 

Proof. We may assume that p > 2, the proof for p < 2 being the same. As in the proof of 
Theorem 15 .6[ we need to choose some parameters allowing an efficient use of interpolation 
theory. We give ourselves two numbers 9 > 5 > uj v . Then we pick a G (0, -) such that 
— a) < 5. Once a is fixed, we let q G (p, oo) be the unique number such that i = ^p + f, 
so that we have 

(5.8) L p (M) = [L q {M),L 2 {M)] a 

by ()2.4|) . Then we choose v > | close enough to | to ensure that u{l — a) < 5. 

First assume that A2, A q and A p are invertible, so that we can deal with their imaginary 
powers. Then for any real number s G M, the imaginary powers A™, A™ and A p are consistent 
operators, by Remark [5.51 Hence ()5.8|) yields 

||y4* s || ^ || A^ S I) II A^ s || a 

Since A 2 is a positive selfadjoint operator, we have WA^W = 1, and hence 



\Ap || < \\A l ° 



\l-a 



According to our assumption, the operator A q admits a bounded if °°(Ej,) functional calculus. 
Hence applying (J3.12|) we deduce that there is a constant K > such that ||v4* s || < Ke u ^ 
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for any s£M. Therefore, 

\\A is \\ < K 1 ~ a e u ( 1 ~ a ^ 

Since A p admits a bounded if ^(E,,) functional calculus, the above estimate and [2TJ Theorem 
5.4] show that A p actually admits a bounded H°°(Y>g) functional calculus, which concludes 
the proof in the invertible case. 

The general case can be deduced from above, using Lemma 13.51 Indeed, if e > is an 
arbitrary positive number, then A 2 + s, A q + e and A p + e are both invertible, hence the 
preceding estimates apply to them. In fact the 'only if part of Lemma T3. 51 and Theorem 13.31 
show that there is a constant C > not depending on e > such that \\(A p + e) iS || < Ce 6 ^ 
for any sGi Then the proof of [2U Theorem 5.4] shows that the operators A p + e uniformly 
admit a bounded functional calculus, and the result follows from the 'if part of 

Lemma 13.51 

We note in passing that in the case when each T t is positive, this proposition has a shorter 
proof. Indeed in that case it directly follows from Theorem 15 . 61 and [J2j Proposition 5.1]. □ 

Remark 5.9. Let {T t ) t > be a diffusion semigroup on a commutative von Neumann algebra 
L°°(S). 

(1) For any 1 < p < oo and for any 9 > u p , A p admits a bounded if 00 (Eg) functional 
calculus on L P (S). This result is due to Cowling 30]. The question whether this holds true 
for noncommutative diffusion semigroups is open. 

A sketch of proof of Cowling's Theorem goes as follows. First one can show (see |2Zj) that 
for any 1 < p < oo, there exist a commutative L p -space L P (T,'), a c -group (U t )t of isometries 
on LP(S'), and contractive maps J: L P (S) -> L P (S') and Q: L P (S') -> L P (S) such that 

(5.9) T t = QU t J, t > 0. 

Then by Proposition 13. 12( A p admits a bounded H°°(Y,g) functional calculus for any 9 > | . 
Applying the above Proposition 15.81 yields the result. 

(2) For any t > 0, T t is both a contraction on L°°(E) and on L X (S). Hence for any 
1 < p < oo, T t : L P (E) — > L P (S) is contractively regular in the sense of [Hi]. Thus for any 
Banach space X, T t ® Ix extends to contraction from L P (S;X) into itself. 

Let M. be any semifmite von Neumann algebra, and let M = L°°{T?)®M.. Then we have 
a canonical identification 

L p (Af) = L P (Y,-L P (M)). 
Hence applying the above tensor extension property with X = L p (Ai), we deduce that for 
any t > 0, T t <S> Im extends to a normal contraction 

T t ®I M '■ N — > 

and that {T t ®Ij^[)t>Q is a diffusion semigroup on J\f. We claim that for any 1 < p < oo and 
any 9 > ui p , the negative generator of its LP realization admits a bounded if 00 (Eg) functional 
calculus. 
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Indeed, let 1 < p < oo. According to [21], the dilation property ()5.9|) can be achieved with 
the additional property that J, Q, and Ut (for any t) are contractively regular. This gives 
rise to contractions 

.m LP{M y L^-L^M)) ^ U>{Yl'-U>{M)) 

and 

QW LP{M y W(Z';LV(M)) — D>{M)). 
Likewise, the U t ®Ii,v(M)S extend to a c -group {Ut®Ijjp(M))'t °f isometries on L P (Y!; L p (Ai)), 
and we have 

TM L p(M) = (Q®hp(M))( U t® I LP(M))( J ® I LP(M))> * ^ °" 

We can therefore conclude as in (1) above. 
We refer the reader to jSHI for related results. 

Remark 5.10. We wish to record for further use an observation on the constants appearing 
in the proof of Proposition EH1 If (^t)t>o is a noncommutative diffusion semigroup as in this 
proposition, if 1 < p < oo, and if 9 > u> p , let 

n P; e: H™{Z e ) ^ B{L»{M)) 

be the bounded homomorphism taking any / G Hq°(Eq) to f(A p ). 

For any 1 < p < oo and any 6 > u p , let q > p and v > | be chosen as in the first 
lines of the proof of Proposition 15.81 Then it follows from the latter that for any constants 
K,K' > 1, there exists a constant K" > 1 such that whenever (T t ) t > is a noncommutative 
diffusion semigroup on A4, then ||7r P) e|| < K" provided that ||7r P)I/ || < K and ||7r 3j ^|| < K' . 
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6. Square functions on noncommutative //-spaces 

6. A. Square functions and their integral representations. 

In this section we introduce square functions associated to sectorial operators on noncom- 
mutative L p -spaces, which generalize the ones considered in [21] in the commutative setting. 
Throughout we let (Ai, r) be a semifmite von Neumann algebra. As in the previous section, 
we use the notation 

n = (K,f). 

We also recall the definition of H£°(Eu+) given by (|4.11l) . 

Let 1 < p < oo and let A be a sectorial operator of type uj on L p (Ai). For any F in 
\ {0} and any x in L P (M), we define 

(6.1) \\x\\ F , c = \\t h-> F(tA)x\\ LP{M . L2{no)c) and \\x\\ Fjr = \\t i-> F{tA)x\\ LP{M . L2{W 

We already noticed that the function t > F(tA) is a continuous function from Qq into 
B(L P (A4)) (see paragraph 4.C). In particular, the function 1 1— > F(tA)x is continuous hence 
measurable from Q into L p (Ai). Thus according to Definition 12.71 (1). it makes sense to 
wonder whether it belongs either to L P (A4; L 2 (Q Q ) C ) or to L P (A4; L 2 (f2 ) r ). The proper 
meaning of (|6.1|) is therefore the following. If 1 i— ► F(t74)x belongs to L P (M.\ L 2 (f2o) c ) (resp. 
L^AI; L 2 (fi ) r )), then ||x||j? iC (resp. ||x||i7 ir ) is the norm of that function in L P (A4; L 2 (Q ) c ) 
(resp. L P (A4; L 2 (Q ) r )). Otherwise, ||x||f,c (resp. ||x||ir jr ) is equal to oo. 

It is easy to check that the set of all x G L P (A4) for which ||x||i? jC < oo is a subspace of 
L p (Ai) on which || ||i? c is a seminorm. The same comment applies to || ||^ r . 

We now consider a 'symmetric' form of these seminorms. For F and x as above, we set 

Going back to the definition of L 2 (Q ) rai i (see paragraph 2.B), we have more explicitly 

(6.2) \\x\\ F = m a x{\\F(-A)x\\ LP(M . LHno)cy \\F(- ^HIi^^o),)} if 2 - P < °° ; 
and 

(6.3) \\x\\ F = inf{||Mi|| LP( _ M;L 2 (no)c) + ||M2||LP(X ; L2(n ) r ) ■ u 1 +u 2 = F(- A)x\ if 1 < p < 2. 



We call square functions associated with A the above functions || \\p iC , \\ \\p tr , and || It 
should be noticed that in general, column square functions || \\f, c and row square functions 
j \\f, t are not equivalent. See Appendix 12. A for a concrete example. 

It follows from Remark 12.131 that in the case when M. ~ L°°(E) is a commutative von 



Neumann algebra, the quantities 
they are equal to 



MIf, c? II^IIf.d an d all coincide on L P (S). Indeed, 



(6.4) 

and hence the square function 



(F(tA)x)i 



2 dt 

T 



LP(£) 



\f coincides with the one from [21] in this case. 
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In order to stick to ()6.4j) in the noncommutative case, it is desirable to have an integral 
representation of the norm on L p (Ji4; L 2 (f2 ) c ) and on L P (A4; L 2 (f2 ) r ). This is essentially 
provided by the next two propositions. In these statements, we shall only consider the 
column case, and the row case may be treated similarly. The results established below will 
be used later on for a function u of the form 

u {t) = F(tA)x, t e tt . 

We recall Proposition 12.51 which is used in Lemma 16.11 and Proposition 16.21 below. 

Lemma 6.1. Assume that 2 < p < oo and let u G L 2 (fi ; L P (M)) C L P (M; L 2 (f2 ) c )- Then 
the function t i— > u(t)*u(t) belongs to L 1 (J7o, L%(j\A)), and we have 

r°° dt 

(6.5) u*u= / u(t)*u(t) 



jo t 

(Here, as explained in paragraph 2.B, we regard u*u as an element of L%(j\A).) 
Proof. For any t > we have 

h{t)*u{t)\\ L % {M) = \Ht)\\ 2 LP{M) , 

hence the function «(•)*«(•) clearly belongs to the space L 1 (fi ; Li (A4)). To prove ()6.5|) . 
assume first that u belongs to L p (Ai) ® L 2 (f2 ), and let (dk)k an d be finite families in 
L 2 (Q ) and L P (M) respectively such that u = ^2 k %k ® &fc- Then 



u u 



Oi) xfe = (^J o Oi(t)aj(t) jj x*xj 



hJ hJ 

dt 



u(t)*u(t)j. 

Then for an arbitrary u G L 2 (Q ; L P (A4)), take a sequence u n in L P (.M) ® L 2 (f2 ) converging 
to it in L 2 (Q ; L P (M)). Then w n also converges to u in .^(.M; L 2 (fl ) c ), hence u* n u n converges 
to u*u in L^{M). Furthermore we know from above that each u n satisfies (16. 5|) hence passing 
to the limit, we deduce ()6.5|) for u. □ 

Proposition 6.2. Assume that 2 < p < oo and let u: Vt$ — > L P (.M) 6e any continuous 
function. The following two assertions are equivalent. 

(i) u belongs to L P (M; L 2 (fi ) c )- 

(ii) There is a constant K > stzc/i £/ia£ for any < a < (3 < oo, we have 



13 ,s* , x 



< l: 2 . 



l§(7W) 



In that case, we have 

r 13 dt 

(6.6) u*u= lim / u (t)*u(t)- 
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\ u \\LP(M;L2(n ) c ) 



lim 

a— »0; j3— >oo 



u(t)*u(t) j 



Lp(M) 



Proof. We assume (i). For any < a < [3 < oo, we let P a ^'- L 2 (Q ) — > L 2 (Q ) be the 
orthogonal projection defined by letting P a ^(a) = a>X(a,p) f° r an Y a £ -^ 2 (^o)- According to 
Lemma \2A\ II? <g> P a ^ extends to a contraction 

P^p: L p (M;L 2 (n ) c )^L p (M;L 2 ({l ) c ). 

It is plain that P a ^(u) is equal to the product function ux(a,p)- 

Our hypothesis that u is continuous ensures that P a ^{u) belongs to L 2 (Q ; L P (M)). Owing 
to Lemma ff>.l| we then have 



(6.8) 

By we have 

\\(P^(u))*(P^(u))\\ E 



(P a , (u)Y(P a Au)) 



u(t)*u(t) - . 

V 



LP(M;L2(tto)c)- 



\\ P aA U )\\ L P(M-,L*(n ) c ) - IN 

Hence (ii) holds true, with K = ||^||lp(A1;L 2 (^o) c )- 

Next we observe that P a ^ converges pointwise to the identity on L 2 (Qq), when a — > and 
(3 — > oo. Hence I LP <g> P a p converges pointwise to the identity on L P (M) <g> L 2 (Q ). Since 
ll-Pf*,/?!! < 1 f° r an y a an d P, we deduce that P a> p converges pointwise to the identity on 
L P (M; L 2 (fi ) c )- Thus P^p[u) -> u, and (JESD and follow from (fOj) . 

For the converse direction, we assume (ii) and we let p' be the conjugate number of p. Let 
f be an arbitrary element of LP (M.) (g> L 2 ({1 ), and consider < a < (3 < oo . The function 
uX(a,/3) belongs to L P (M] L 2 (Q ) C ), and by (|2.8jl and Lemma I6~T| we have 



| U X(a„8) \\LP(M;L 2 (n ) c ) 



\(uX(a,P)Y(uX(a,/3))\\l^ {M) 



U(t)*u(t)j 



L§(7W) 



Moreover we have 



|M*W*)>| J < ll M X(a,/3)llLP(Al;L2(no) c ) lkllLP'(X;L2(Q )r) 



by Lemma |2~81 Applying (ii) we deduce that 



dt 

\(v(t),u(t))\ — < K\\v\\ LP r {N . L2mr) , 



v e L p \M)®L 2 {n Q ) 



Letting a — > and (3 — > oo and using Lemma I2.1()| this shows that the function u belongs 
to the space L P (M; L 2 (n ) c ). □ 



Proposition 16.21 does not extend to the range 1 < p < 2. The obstacle here is that if 
we consider a measurable function u: Qq — > L P (A4), then the function t i— > u(t)*u(t) is 
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valued in L?(M.) which is not a Banach space if p < 2. Thus in general we have no way 
to define a Bochner integral J u(t)*u(t) y . To circumvent this difficulty, we will consider 
approximation by simple functions provided by 'conditional expectations' associated with 
subpartitions. For the definition of a subpartition n and its associated mapping E n , see 
()4.5j) and the paragraph preceding Lemma f4. 31 

We observe that if w = J2k z k®c k G L§ (M) ®L 1 (fi ), with c k G L 1 (fi ) an d z k G L*{M), 
then we may define 



w(t) 



dt 



E 



c k (t)^)z k G L*(M). 



This yields a definition of f™ u(t)*u{t) f for any u G L P (.M) <g> L 2 (VL Q ). 

Proposition 6.3. Assume that 1 < p < 2 and Ze£ u G L 2 (fi , L P (M)). For any subpartition 
7r o/Qq, we letu n = E n (u) be defined by fl^.<5| ) and we note thatu n belongs to L p (Ai)®L 2 (Q ) . 
Then the following two assertions are equivalent. 

(i) u belongs to D>{M\ L 2 {Q ) c ) . 

(ii) There is a constant K > such that for any it, we have 



<K 2 



L%{M) 



In that case, 

(6.9) 

and 

(6.10) 



u u 



\ u \\LP(M;L 2 (n ) c ) 



lim 



lim 



dt 

u w (t)*u n (t) — 



U7T (t)*U n (t) 



dt 

T 



Lp{M) 

Proof. The proof is quite similar to the one of Proposition I6.2[ hence we only outline it. 
If u satisfies (i), then |K||z>(.M;£ 2 (f>o)e) ^ \\ u \\LP(M;L^(n ) c ) for any vr, u w converges to u in 
L P (M; L 2 (fi ) c ) by dUBJ), and we have 

u^ityu^it) 



t 

We deduce (ii) with K = \\u\\ lp(M-,l 2 ( n ) c )' as wen as ^-9|) an d Q6.10J) . 

Conversely, (ii) implies (i) by using Lemma f2. 101 □ 

Remark 6.4. Here we give other substitutes of Proposition 16. 21 in the case when 1 < p < 2. 

(1) Let u: Q — > L P (M) be a continuous function. It is easy to deduce from the proof of 
Proposition 16.21 that u belongs to L P (M] L 2 (Q ) C ) if and only if for any < a < [3 < oo, the 
restricted function ux(a,p) belongs to L p (Ji4; L 2 (Qq) c ), and there is a constant K > such 
that ||wX(a,/3)|| Lp(M-,L 2 (n ) c ) — K f° r an y & < fl- In that case, we have 



LP(M;L2(Q ) C ) S ^\\ U X( a >P)\\LP(M-,L*(Qo)c) ' 
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A similar result holds true with column norms replaced by row norms or Rademacher norms. 
Thus, u belongs to FP{M.\ L 2 (fi )rad) if and only if there is a constant K > such that 
\\ u X(a,f3)\\Lp(M;L2(n ) rad ) < K f° r any < a < (3 < oo. 

(2) Assume that 1 < p < 2 and let u: Qo — > L p (Ji4) PI L 2 (M) be a continuous function. 
Then 1 1— > u(t)*u(t) is valued in L 1 (A / i) and for any < a < /3 < oo, we may therefore define 
the integral 

u(t)*u(*) — G L^jM). 



Then it follows from above that w belongs to L p (Ai; L 2 (tt ) c ) if and only if J u(t)*u(t) 
belongs to L^{Ai) for any a < f3, and there is a constant if > such that 

< if 2 for any a < /3. 



dt 
t 



r dt 

J a uityuit) j 



6.B. Equivalence of square functions. 

Square functions associated to a sectorial operator were first introduced on Hilbert spaces 
by Mcintosh ([SI])- Then it was shown in jSHj that they are all equivalent and that any 
sectorial operator (on Hilbert space) has a bounded H°° functional calculus with respect to 
| \\p. In [50J, these results were extended to Rad-sectorial operators on classical ^commu- 
tative) L p -spaces. Our objective ( Theorem 16. 71 below) is an extension of the latter results to 
noncommutative L p -spaces. 

We will need the following simple lemma. 

Lemma 6.5. Let A be a sectorial operator of type u on L P (M), with 1 < p < oo. Let 
FeH?(E u+ ). 

(1) For any f G H^°(E UJ+ ), the function t ^ F(tA)f(A) from Q into B{L P {M)) is 
absolutely integrable and 

(2) For any f G H°°(^ + ), sup 4>0 \\F(tA)f(A)\\ < oo . 

(3) Assume that A is Col-sectorial of Col-type uj and let 9 > uj such that F G H^^Eg). 
Then there is a constant K > such that for any f G H°°(Ylg), the set of all 
F(tA)f(A) fort> is Col-bounded, with 

Col[{F{tA)f{A) : t >0}) <K\\f\U fi . 

(4) The result in (3) holds true with Row-boundedness or Rad-boundedness replacing Col- 
boundedness. 

Proof. The first two assertions hold true in any Banach space and go back (at least implicitly) 
to Mcintosh's earliest paper on H°° functional calculus 54J. To prove (3), we essentially 
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repeat Mcintosh's proof of (2). Given 6 > uj and F G H^°(Tig), let 7 G (a?, 0) be an 
intermediate angle and recall from 1)4.16)1 that 



K = sup 

t>o 

Using ()3.5j) . we now write 





dz 


/r 7 


z 



< 00 



F(tA)f(A) = ^- [ F(tz)f(z)R(z,A)dz 



for any / G H°°(I] d ) and any £ > 0. Our assumption implies that the set {zR(z, A) : z G T 7 } 
is Col-bounded. Moreover 

dz 



\F(tz)f(z)\ 



< Kr 



oo,0 



for any / G H°°(Eg) and any £ > 0. We therefore deduce (3) from the second part of Lemma 
14.21 The last assertion (4) can be proved in the same manner. □ 

Remark 6.6. Let A be a sectorial opertor of type to on L P (M) and let F G -f/£°(£ w+ ) \ {0}. 
Then 

\\x\\f,c = \\x\\ F>r = = 0»ie -^V(^)- 

Indeed each of the first three conditions means that F(tA)x = for any £ > 0, and this 
obviously holds if x G N(A). Assume conversely that F(tA)x = for any £ > 0. Then 
F(tA)F(tA)x = for any £ > 0, where F is defined by (ETHj) . Since 



1^ F(t)F(t)j = \\F\\l 2(no) >0, 



the first part of Lemma RTol ensures that f(A)x = for any / G Hq°(Eu+)- Using e.g. 
f(z) = g(z) = z(l + z)~ 2 , this implies that x G N(A). 

Thus if A is injective, || ||jr )C , || ||i? r , and || \\p are norms on the respective subspaces of 
LP(A4) on which they are finite. 

Theorem 6.7. Assume that 1 < p < 00. Let A be a sectorial operator of type u on L P (A4), 
and let 9 G (uj, it). We consider two functions F and G in H^°(T,g) \ {0}. 

(1) If A is Col-sectorial of Col-type uj, then there exists a constant C > such that for 
any f G and any x G L P (A4), we have 

\\f(A)x\\ FiC <C\\f\\ 00 , e \\x\\ GiC . 

Moreover we have an equivalence 

\\x\\g,c x \\x\\f,c, x G L P (M). 

(2) If A is Row-sectorial of Row-type uj, then the same properties hold with || \\p j7 . and 
|| \\ G)J . replacing \\ \\ F)C and \\ \\ G)C . 

(3) If A is Rad-sectorial of Rad-type uj, then the same properties hold with || ||_p and || ||g 
replacing || ||^< jC and || \\ G ,c- 
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Proof. We shall only prove (1), the proofs of (2) and (3) being identical. Since G G H^(T, 9 ) 
is a non zero function, we can choose tpi and (p 2 in HQ°(Hg) with the property that 

y o Vl (t) V2 (t)G(t)j = i. 

We consider some / G H^^q). According to Lemma (1). the function mapping any 
t > to (pi(tA){p 2 (tA)G(tA)f(A) is absolutely integrable on fl , and 

f°° dt 
(6.11) / ip 1 (tA)ip 2 {tA)G(tA)f(A)— = f(A). 

Jo 1 

On the other hand, it follows from Lemma 16*31 (3). and our hypothesis that A is Col-sectorial 

of Col-type u>, that the set of all operators ip 2 (tA) f(A) is Col-bounded and that we have an 

estimate 

Col({^(M)/(A) : t>0}) < A-11/IU.e, 

where if > is a constant not depending on /. Let us now apply Proposition 14.41 and its 
subsequent Remark 14.51 with Q = Q , dfi(t) = y, and 

${t) = <p 2 (tA)f(A), t > 0. 

By Lemma 14. 2\ we deduce from above that 

Col(\-^ J^ 2 (t A) f (A) j :/Cfi 0) 0<M')<°°}) < KWfWoofi. 

Then we obtain that the multiplication operator T$ is bounded on L P (A4] L 2 (f2 ) c ), with 

||T*: L p (M;L 2 (n ) c )—+L p (M;L 2 (n ) c )\\ < iq/IU,,. 

Assume that ||:e||g,c < °°? so that G(- A)x belongs to L p (Ji4; L 2 (fl ) c ). By Remark 14.61 
T$(G(- A)x) is equal to the function (p 2 (- A)G(- A)f(A)x. Hence we have proved that the 
latter function belongs to LP{M.\ L 2 (f2 ) c ), with 

(6-12) ||^(-A)C7(-A)/(A)x|| iP( _ M;L2(Qo)c) <K||/|| 00 , e ||x|| G , c . 

We now apply Theorem 14. 141 with F\ = (pi and F 2 = F. According to our hypothesis that 
A is Col-sectorial, the operator T with kernel F(sA)(pi(tA) is bounded from L p (Jv[\ L 2 (Q ) c ) 
into itself. Furthermore, Lemma 16.51 (1) ensures that the function (p 2 (- A)G(- A) f (A)x be- 
longs to L 1 (f^o; L P (J\4)). Hence T maps this function to the function 

r°° dt 
/ F(sA) v > 1 (tA) V2 (tA)G(tA)f(A)x-. 
Jo t 

By (J6.ll)) . the above integral is equal to F(sA)f(A)x. This shows that F(- A)f(A)x is a 

function which belongs to L p (Ai; L 2 (Q ) c ) and using ([6.12)1 . we have the estimate 

F(-A)f(A)x\ 

This concludes the proof of the first part of (1), with C = K\\T\\. 

To prove the second part, we will use the fact that L p (Ai) is reflexive (we assumed that 
1 < p < oo). By Remark 13.41 we have a direct sum decomposition L p (Jvl) = N(A) © R(A). 
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Moreover ||x||f,c = ||x||<3 )C = for every x £ N(A). Thus to prove that || \\ F)C and || \\q )C 
are equivalent on LP(M), it suffices to prove that they are equivalent on R(A). Let (g n )n>o 
be the bounded sequence of Hq°(Y,q) defined by (j3.10|) and let C = sup n>0 {||(7„,|| OOi 6i }. The 
preceding estimate yields 

\\g n (A)x\\ F)C < CC'\\x\\ G ,c, n > 1, x £ L P (M). 

Let x £ R(A) and let v be an arbitrary element of L p ' (J\A) ®L 2 (fio)? where p' is the conjugate 
number of p. For any n > 1, we have by Lemma \2. 81 that 

f°° dt 

/ \(v(t),F(tA)g n (A)x)\ — < \\F{- A)g n {A)x\\ LP{M . L2{nQ)c) \\v\\^ {M ^ mr) 

J 

— ll5 , n(^4)x||F,c \\ v \\lp' (M;L 2 (Q ) r ) 
< CC'\\x\\ G ,c \\v\\ LP >(M;L2(n ) r )- 

Since x £ -R(^4), g n (^4)x converges to x, by Lemma lH.21 Hence applying Fatou's Lemma 
immediately leads to 

f 00 : dt 

J o \(v{t),F{tA)x)\j <CC'\\x\\ GiC \\v\\ LP > (M . L 2 mr) . 

Owing to Lemma \2. 101 this shows that F(- A)x belongs to L P (A4; L 2 (Q ) c ), with 

\\x\\f,c < CC'\\x\\g,c- 

Switching the roles of F and G then shows that || ||g, c and || ||i? c are actually equivalent on 
R(A), which concludes the proof. □ 
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7. H°° FUNCTIONAL CALCULUS AND SQUARE FUNCTION ESTIMATES. 

In this section we investigate the interplay between bounded or completely bounded H°° 
functional calculus and square functions, for a sectorial operator on noncommutative L p - 
space. Our results should be regarded as noncommutative analogues of those proved by 
Cowling, Doust, Mcintosh, and Yagi in Sections 4 and 6]. For simplicity we will restrict 
to the case when p > 1, although some of the results of this section extend to the case when 
p = 1. We recall the notation O = f ). 

Let A be a sectorial operator of type u G (0, it) on some noncommutative L p -space L P (A4), 
with 1 < p < oo. Let F G \{0}. We say that A satisfies a square function estimate 

(S f) if there is a constant K > such that 

(S P ) ||z|| F < K\\x\\, xeL p (M). 

A straightforward application of the Closed Graph Theorem shows that (Sf) holds true if 
and only if \\x\\f is finite for any x G L P (A4). 

Recall that the operator A* is sectorial of type u on L p {M). Let G G i?o°(E a , + ) \ {0}. 
We say that A satisfies a dual square function estimate {S* G ) if A* satisfies a square function 
estimate with respect to G, that is, there is a constant K > such that 

(Sh) \\G(- A*)y\\ LP , {M;L2mrad) < K\\y\\ p ,, y G L P '(M). 

We notice the following consequence of Theorem 16.71 (3). 

Corollary 7.1. Assume that A is Rad- sectorial of Rad-type u on L P (M). If A satisfies 
{S F ) for some F G \ {°}' then A satisfies (S F ) for all F G Hg> \ {0}. 

Our next statement extends some estimates from |2T1 Section 4 and 6] to the noncom- 
mutative setting. Keeping the notation from the latter paper we let tp e {t) = y2(e*) for any 
measurable function (p: Q —>■ C. Thus (p i— *■ (p e induces an isometric isomorphism from 
L P (Q ) onto L P (M; dt) for any 1 < p < oo. We let Xpl be the Fourier transform of (p e if (p 
belongs either to L 1 (Qo) or to L 2 (Q ). 

Proposition 7.2. Let A be a sectorial operator of type uj on L P (M), with 1 < p < oo. 
Consider three numbers 5, u, a such that u < 5 < a < 2a — 5 < u < tt , and two functions 
F, G G H™(£s)- Let ip = GF, where G(z) = G(z), and note that the restriction of cp to fio 
is integrable. Assume that there is a constant C > such that 

(7.1) |^(s)| > Ce~ alsl , seR. 

If A satisfies a dual square function estimate (S G ), then there is a constant K > such that 
for any f G Hg°(E u ) and any x G L p (Ai), we have 

\\f(A)x\\ < K\\x\\ F \\f\\oo,v. 
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Proof. The assumption (|7.1|) ensures that there is a constant C\ > with the following 
property. For any / G H^°(E U ), there exists a function 6 G L 1 (fi ) H -L°°(fio) such that 

(7.2) ||6||oo < dll/IU 

and 

/(*) = / - , ^S, 

Jo 1 

Indeed this follows from the proof of j2U Theorem 4.4], see in particular (4.3) in that paper. 
Since b G L 1 (f2 ), the second part of Lemma Id^ToI ensures that J °° |&(t)|||<^(L4)|| y is finite. 
A simple computation using Fubini's Theorem then shows that 

f°° dt f°° ~ dt 

f(A) = J 6(tMtA)j=jf b(t)G(tA)F(tA) — . 

For any x G L P (M) and any y G L p ' (M) = L P (M)*, we derive using ()3.9j) that 

dt 



(/(A)x,y)= / <&(t)F(tA)x,G(ti4*)i/> 

Jo r 

Hence 

f 00 , , dt 

\(f(A)x,y)\ < ||6|U jf ((F^KG^)?/)^. 

Now assume that ||x||f < oo, that is, F(-A)x belongs to L P (J\4; L 2 (fl ) rad ). We assumed 
that A satisfies (Sq), so that G(- A*)y belongs to L p ' (M; L 2 (tt ) rad ). Hence by Remark 
there is a constant Ci > such that 

|(/(A) a ;,j/)|<a!||6|| 0O || a ;|| F ||y||. 

Applying (|7.2j) then yields 

\(f(A)x,y)\<C 1 C 2 \\x\\ F \\y\\\\f\\ 00!U . 

The result therefore follows by taking the supremum over all y G L p (M) with ||y|| < 1. □ 

Remark 7.3. Let A be a sectorial operator of type u G (0, ir) on L P (.M), with 1 < p < oo. 
Given any v G (u, n), choose 5 and a such that u < 5 < a <2a — 5 < v. According to [2U 
Example 4.7], there exists F,G G H^^Es) such that the product function <p = GF satisfies 
the assumption (|7.1jl in Proposition 17.21 For this specific pair (F, G) of non zero functions in 
Hq°(Eu+), we obtain that if A satisfies (Sf) and (S G ), then it admits a bounded H°°(T< U ) 
functional calculus. Indeed this follows from Proposition 17.21 

Corollary 7.4. Let A be a Rad-sectorial operator of Rad-type u> G (0, n) on L P (M), with 
1 < p < oo. Assume that there exist two non zero functions F,G G Hq°(T IIjJ +) such that 
A satisfies (Sf) and (Sq). Then A admits a bounded H 00 ^^) functional calculus for any 
9 G (u),ir). 

Proof. This follows from Corollary 17. II and Remark 17.31 above. □ 
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Remark 7.5. The assumptions that both A and A* satisfy square function estimates are 
necessary in Corollary 17.41 Indeed there may exist A of type u without any bounded H°° 
functional calculus such that A satisfies (Sp) for any F G See jlHl Section 5] for 

an example on Hilbert space. 



We now turn to the converse of Corollary 17.41 and an equivalence result. 

Theorem 7.6. Let A be a sectorial operator of type uo G (0, 7r) on L P (M), with 1 < p < oo. 
Assume that A admits a bounded H°°(Ee) functional calculus for some 9 G (u,ir). 

(1) Then A satisfies a square function estimate (Sf) and a dual square function estimate 
(S* G ) for any F,G G H?(Z g+ ) \ {0}. 

(2) Let P: L P (M.) — > L p (Ai) be the projection onto N(A) with kernel equal to R(A) (see 
Remark \3m > . Then for any F £ HQ°(T,g + ) \ {0} ; we have an equivalence 

\\x\\ x ||x||_p + ||P(x)||, x G L P (M). 

Proof. Consider F G H^CE^) \ {0} with v > 6 and let us show the square function estimate 
(Sf) for A. Recall from Remark l6.6l that \\x\\f = if x G N(A). Hence according to Remark 
[3 A\ we may assume that A has dense range. For any z G S^, we let 

F z (t) = F(tz), t > 0. 

Clearly each F z is both bounded and integrable on Qq. The starting point of the proof is the 
following construction extracted from |21j . Let ip : M. — > R be an infinitely many differentiable 
function with compact support included in [—2, 2] satisfying Y^k=-<x ~ = 1 f° r an y 
s G K, and let ipk = VK' — ^) f° r an y integer fc. By definition, each ipj. has support in 
[k — 2, A; + 2] . Then for any k, j G Z, let Tjk '■ [k — 2, k + 2] — > C be defined by Tjk(s) = \e^ s . 
It is proved in j2U Lemma 6.5] that 

V SUp V |(F e 2 Vfc,Tjfc)| < oo. 

Since (t^).,- is an orthonormal basis of L 2 ([k — 2, k + 2]; (it) for any G Z, then we have 

II i|2 _ || ||2 ■'■ ||^||2 

ll a lll, 2 (no) — W a e\\L 2 (R;dt) ~ 27r H ae llL 2 (K;di) 



fc|lL 2 ([A:-2,fc+2]; ( it) 



for any a G L 2 (f2 ). Changing both the notation and the indexing, we deduce the existence 
of a sequence (bj)j>x in L 2 (fi ) with the following two properties. First, 

(7.3) Nlia(n ) = EK a ' 6 ^| 2 ' aeL 2 (fi )- 



i>i 
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Second, 
(7.4) 



K = sup ^|(F 2 ,^)| < oo. 



26E, 



J>1 



For any j > 1, we let foj G if 00 (Eg) be defined by 



(7.5) 



h j (z) = {F\b j ) 



F{tz)b 3 (t) 



dt 

T 



Let (£j)i<j<N be a finite sequence taking values in {—1, 1}. For any z G E#, we have 

AT 

|j>A'(*)| <^ 

i=i 

by ()7.4|) . Since A admits a bounded if 00 (Eg) functional calculus, we deduce that 

JV 

for some constant i^i > not depending either on iV or on the e/s. Equivalently, we have 
that for every x G L p (Ai), £ jhj(A)x\\ < Ki\\x\\. Hence averaging over all possible 
choices of = ±1, we obtain that 



N 



x 



Ka.d(Lv{M)) 



<#i||x||, xeL p (M). 



By Corollary 12. 12l and (|2.34jl . this shows that for every x G L P (A4), the sequence (hj(A)x) . yi 
belongs to L P (M; £ 2 ad ) and that 



(7.6) 



for some constant K 2 > not depending on x. 

According to ()7.3|) . we consider the linear isometry V: L 2 (Q ) — > £ 2 defined by letting 
V(a) = ((a, bj)). >1 for any a G L 2 (VLq). Its adjoint V* : £ 2 — > L 2 (fio) is a contraction, hence 
Jlp <8> V™ extends to a contraction 



L P (M]£] 



rad) 



L p {M;L 2 (Q ) rad ) 



by Lemma f2 .41 Let us show that for any x G D(A) fl -R(A), we have 



(7.7) 



V*((h 1 (A)x))=F(.A) 



)x. 



Recall from Section 3 that with g(z) = rq^p > we ma y wr it e ^ — fl'C^.)^' f° r some (unique) 
x' G L P (.M). Moreover by the first two parts of Lemma f6. 51 we have 

\\F(tA)g(A)\\ 2 ^ <oo. 
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Hence F(- A)g(A)bj(- ) is integrable on Qq for any j > 1. Then using Fubini's Theorem, it is 
easy to deduce from (|7.5j) that 

r°° dt 

h J (A)g(A) = J F(tA)g(A)b 3 (t)j. 

Now let y E L P '(A4) be an arbitrary functional on L p (Ai). We see from above that 

(F(- A)x, y) = (F(- A)g(A)x', y) E L 2 (fi ) 

and that 

r°° dt 

(h j (A)x,y) = &,-(*)-, j > 1. 

Jo 1 

Thus V maps the function (F(- A)x,y) to the sequence ({hj(A)x, y)j . >v Since V is an 

isometry, this implies that conversely, V* maps the sequence ((hj(A)x, y))j >1 to the function 

(F(- A)x,y). Since this holds for any y E L P '(A1), this concludes the proof of (|7.7j) . Owing 
to (J7.6|) . this implies that 

< if 2 ||z||, x G -D(A) fl R(A). 

We now appeal to the approximating sequence (<7 n )n>i defined by For any x E L P {M) 

and any n > 1, gr n (A)a; belongs to -D(A) fl -R(A), hence ||p n (A)x||jr < i^2||5 , n(^4)3 ; ||- Since 
(g n (A)) n >i is bounded, this shows that for an appropriate constant K 3 > 0, we have 

1 1 gr n (A) a; < 1 1 a? 1 1 , n > 1, x G L P (>1). 

Arguing as at the end of the proof of Theorem Id7[ we deduce that \\x\\f < 1 1 x \ \ for any 
x E L P (M). This concludes the proof that A satisfies {Sp). Applying this result for A*, we 
obtain that A satisfies (Sq) as well. 

We now turn to the second assertion. Since A admits a bounded H °° (Eg) functional 
calculus, A is Rad-sectoriel of Rad-type 9 by Theorem 14. Ill Thus Theorem 16 1 71 ensures that 
| \\f 1 and || \\f 2 are equivalent for any two functions Fi,F 2 E \ {0}. It therefore 

suffices to prove the result for a particular function F E if^ Furthermore, it clearly 
follows from the first part of this proof that we only need to show that || dominates the 
original norm on R(A). We fix numbers < u < 6 < 5 < a < 2a — 5 < u < tt and we 
recall from fU\ Example 4.7] that there exist F,G E Hq°(Y1s) such that the product function 
if = GF satisfies (|7.1j) . By the first part of this proof, A satisfies (Sq) hence applying 
Proposition 17. 2[ we find some constant K > such that ||/(A)rr|| < •K'||x||.f||/|| 00)I , for any 
/ G H£j°(E v ). Let us apply this estimate with / = g n . Since (g n ) n >i is a bounded sequence 
of H°°(E U ), we obtain an estimate 

Ibn04)z|| < K'\\x\\ F , n > 1, x E L P (M). 

Now assume that x E R(A). Then g n (A)x converges to x (see Lemma lH.2j) . This yields 
1 1 #|| < -^11^1 \f an d completes the proof. □ 
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If A has dense range and has a bounded if 00 (Eg) functional calculus, the above theorem 
yields an equivalence 

||x|| x \\x\\p, x G L P (M), 

for an yJ FGTO + )\{0}. 

This may be obviously combined with either Proposition l(i.2l or Proposition Ifi.HI The 
resulting formula is easy to be written down when p > 2 and we give it explicitly in the next 
statement. The case when p < 2 is more involved and its statement is left to the reader. We 
will come back to this case in Corollary 17. 101 below. 

Corollary 7.7. Let A be a sectorial operator of type to G (0, ir) on L P (M), with 2 < p < oo. 
Assume that A has dense range and admits a bounded if 00 (Eg) functional calculus for some 
9 G (uj, 7r). Then for any F G H^°(Ylg + ) \ {0}, we have an equivalence 

r(3 



x 



max< 



lim 

a— >0; /3— >oo 



lim 

+0;/3^oo 



(F(tA)x)* (F(tA)x) — 

13 dt 

(F(tA)x) (F(tA)x) — 



LP(M) 



LP(M) 



x G L P (M). 



Let A be a sectorial operator of type uj G (0, 7r) on L p (Ai), with 1 < p < 2. For any 



F G # °°(£ 



\ {0}, we may consider an alternative square function by letting 
[x) F — inf{||a;i||i? c + ||x 2 ||.F,r : x = x\ + x 2 ] 

for any x G L P (M). It is clear that \\x\\p < [x]f- Indeed if [x]p is finite, and if we 
have a decomposition x = x\ + x 2 with ||xi||f,c < oo and ||x2||F,r < oo, then we have 
F(- A)x = U\ + u 2 , with u\ = F(- A)x\ and u 2 = F(- A)x 2 , and these functions belong 
to L P (M; L 2 (Q ) c ) and L P (M; L 2 (Q Q ) r ) respectively. We do not know if the two square 
functions || \\p and [ ]p are equivalent in general. In the next statement we give a sufficient 
condition for such an equivalence to hold true. 

Theorem 7.8. Let A be a sectorial operator on L p (Ai), with 1 < p < 2. Let uj G (0, n) and 
assume that A is both Col-sectorial of Col-type uj and Row-sectorial of Row-type uj. Let F, G 
be two non zero functions in and assume that A admits a dual square function 

estimate Then || x [ ]p on L P (M). Indeed, there is a constant C > 1 such that 

whenever x G L p (Ai) satisfies \\x\\p < oo, then there exist Xi,x 2 G L p (j\4) such that 

x = x\ + x 2 and ||^i||f, c + H^Hi^r < C||x||f- 

Proof. We may assume that A has dense range. We will use the function g defined by (j3.11jl . 
The assumptions imply that A is Rad-sectorial of Rad-type uj. Thus all square functions 
| \\p are pairwise equivalent, by Theorem 16.71 Hence it suffices to prove the result for a 
particular function F G H™ Therefore we may assume that 

dt 

G(t)F(t) j = 1. 
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By the first part of Lemma 16.51 we have 

f°° df 

(7.8) J G(tA)F(tA)g(A) — = g(A). 

Since A satisfies (<S~), we can introduce the bounded linear operator 

W: L p \M)^L p \M;L 2 (Q ) rad ), W(y) = G(- A)*y. 

Note that by (JOS1), the adjoint of W maps L P (M; L 2 (ft ) m J into L P (M). 

Let x G L P (A4) such that ||x||.f < oo. There exist two functions Ui G L P (J\4; L 2 (fl ) c ) and 
u 2 G L P (M; L 2 (il ) r ) such that u\ + u 2 = F(- A)x and 

\\ u l\\LP{M;L 2 (n ) c ) + \\ u 2\\LP{M;L 2 (n ) r ) < 2||x||_p. 

Since L p (M;L 2 (n ) c ) C L P (M; L 2 ({l ) rad ) and L P (M; L 2 ({l ) r ) C I7(.M; L 2 (fi ) m J, we 
may introduce 

x\ = W*u\ and x 2 = W*u 2 . 

Let i = 1, 2. By the first two parts of Lemma IFTH| we have J °° ||g(A)G(L4)|| 2 * < oo and by 
Proposition 12.51 (1). we have J °° ||-Uj(£)|| 2 — < oo. Hence t h-> g(A)G(t,4)-Ui(t) is integrable 
on Q , and we actually have 

f°° dt 

(7.9) g(A)x t = / ^(A)G(tAK(t)-. 

Indeed, for any y G L P '(.M), 

f 00 dt 
= {ui(t),G(tA)*g(A)*y)- by Remark EH 
Jo * 

= (J™ g(A)G(tA)u t (t)j,y). 

Since «i + u 2 = F(- A), it follows from and (|73|1 that = #(.A):ci + #(A)x 2 . We 

assumed that A has dense range, hence g(A) in one-one. Thus x = x± + x 2 . It now remains 
to estimate ||xi||.f, c and ||x2||j>-- 

By assumption, A is Col-sectorial of Col-type u. According to Theorem 14.141 the operator 
with kernel F(sA)G(tA) is therefore bounded on L P (M; L 2 (£l ) c ). Let 

T c : L p (M;L 2 (Q ) c ) — i7(.M; L 2 (ft ) c ) 

denote the resulting operator. Since A is also Row-sectorial of Row-type u, we have a similar 
bounded operator 

T r : i/(A<;L 2 (^)J ^i/(A*;L 2 (n )J 
Consider b G L 1 (fi ) H L 2 (fi ) and y G L P '(.M). Suppose that y belongs to the range of 
g(A)*, so that y = g(A)*y' for some y'. Then 

[T:(y®b)](t) = G{Uy(£° F(sAy y b(s)^y 
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Hence by Lemma f2. 81 we have 

(T c ( Ul ),y®b) = ( Ul (t),G(tAyU F(sAy y b(s)-))j 

'Mt) : G{tAfF{sAyy)b{s)-^ 

s t 



o Jo 

oo POO 



r°° ds dt 

/ (F(sA)g(A)G(tA)u 1 (t),y f )b(s)--. 
Jo s t 



Since b G L 1 (Q ) and J °° — < oo, we may apply Fubini's Theorem in the 

last integral. Hence using (|7.9|) . we deduce that 



(T e («i),y®6>= jf g(A)G(tA)u 1 (t)j,y')b(s) 

(F(sA)g(A)x 1 ,y')b(s) 



dt ,\ , „ , ds 
s 

ds 
s 



r(F(sA) Xl ,y)b(s)-. 
Jo s 



Since g(A)* has dense range, this calculation shows that T c (v,\) = F(- A)x\. Likewise we 
have T r (-u 2 ) = F(-A)x2- Consequently, 

II^iIIf.c + H^ll^r < ll^cll || M i|| + \\T r \\ 11^211 < 2max{||T c ||, ||T r || } \\x\\f- 

□ 



Corollary 7.9. Let A be a sectorial operator of type u G (0, 7r) on L P (A4), with 1 < p < 2. 
Assume that A admits a completely bounded H°°(Y}q) functional calculus for some 9 G (u, ir), 
and let F G i^f 3 (£,?+) \ {0}. If further A has dense range, then 

\\x\\ x inf{||xi||i? c + H^H^r : x = x\+ X2}, x G L P (M). 

Proof. By Theorem 14. V2\ the operator A is both Col-sectorial and Row-sectorial of respective 
types 8. Moreover it satisfies dual square function estimates by Theorem 17.61 (1). Thus by 
Theorem 17.81 above. || ||^ and [ ]p are equivalent. Furthermore || \\ F is equivalent to the 
usual norm, by Theorem 17.61 (2), which proves the result. □ 



The next result is an immediate consequence of Corollary 17.91 and Proposition 16.31 For 
simplicity if u: Vt$ — > L P (A4) is defined by u(t) = F(tA)z for some z G L p (Ai) and if n is a 
subpartition of Oq, we write [F{tA)zj instead of u n (t). 

Corollary 7.10. Let A be a sectorial operator of type uo G (0, it) on L P (A4), with 1 < p < 2. 
Assume that A has dense range and admits a completely bounded if 00 (Eg) functional calculus 
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for some 9 £ (u, n). Then for any F £ Hq°(Eq + ) \ {0}, we have an equivalence 



inf< lim 



lim 



+ 



dt 



(F(tA)x 2 )^(F(tA)x 2 y- 



Lp(M) 



lp(7W)_ 



where for any x £ L P (A^) ; the infimum runs over all xi, x 2 £ L P (A4) such that x = X\ + x 2 . 

Remark 7.11. Let (T t )t>o be a bounded analytic semigroup on L P (A4), with 1 < p < oo, 
and let —A denote its generator. Assume that A admits a bounded if 00 (Eg) functional 
calculus for some 9 < ~ . Assume for simplicity that A is one-one. The function F(z) = ze~ z 
belongs to Hq°(E u ) for any v < | , and we have 



F(tA)x = tAe 



-tA 



X 



-«|(T,(x», 



x £ L P (A<), t > 0. 



Thus we deduce from Corollary 17.71 that if p > 2, we have an equivalence 



\x\ 



max< 



lim 

a— >0; /3— >oo 



lim 

a— >0; /3— >oo 



5_ 

9f 



x £ L P (A4). 



A similar result can be written down in the case p < 2, using Corollary 17. 101 



()<) 



8. Various examples of multipliers. 

8. A. Left and right multiplication operators. 

Let (A4, t) be a semifinite von Neumann algebra acting on some Hilbert space H, and let 
1 < p < oo. For any a G M., we define a bounded operator C a : L P (M.) — > L P (J\4) by letting 

(8.1) C a (x) = ax, xeL p (M). 

We will call C a the left multiplication by a on L p (Ai). We aim at extending this definition 
to unbounded operators. 

Thus we let a: D(a) C H —>■ H be a closed and densely defined operator on H. We assume 
that p(a) and that a is affiliated with M.. This means that au = ua for any unitary u 
in the commutant A4 1 C B(H). For any 2 G p(a), this implies that (z — a)u = u(z — a), and 
hence a)u = uR(z, a) for any unitary u G .M'. Thus we have 

(8.2) R{z,a)eM, z G p{a). 

We will not use (j8.1j) directly to define C a , because multiplying an unbounded operator a 
with some x G L P (A4) leads to technical difficulties. Instead we will use left multiplications 
by resolvents, see ()8.3|) . 

Lemma 8.1. Let c G M. C B(H) be a one-one operator, and let x G L P (.M). // cx = 0, 
then x = 0. 

Proof. This is clear by regarding x and cx as unbounded operators on H in the usual way. 
Indeed if ( belongs to the domain of x, then we have cx(() = 0. Hence x(() = 0. □ 

Lemma 8.2. Let (b t ) t C A4 be any bounded net converging to in the strong operator 
topology of B(H). Then \\b t x\\ p — > for any 1 < p < oo and any x G L P (.M). 

Proof. We start with p = 2. Let x G L 2 (.M). Then xx* G L 1 (A'l) ~ .M* and we have 

\\b t x\\l = T((b t x)*(b t x)) = r(b* t b t xx*) = (b* t b t , xx*) M Mt . 

By Hahn-Banach, xx* : M. — > C extends to some u>*-continuous functional on B(H), and 
hence there exist two sequences (Gc)/c>i and (£,k)k>i belonging to £ 2 (H) such that 

oo 

(w, xx*) M Mt = ^2(w(Ck),€k), w G M. 
k=l 

Thus we obtain that 

OO OO 1 OO 1 

IIMl = £<k(GMteO> < (Eii 6 '^)ii 2 )"(Eii^(^)ii 2 )"- 

k=l k=l k=l 

Since b t — >• strongly and (6 t ) t is bounded, we deduce that ||&tx|| 2 — > 0. 

Assume now that p > 2 and take i e M fl L 2 (M). We let a = |, so that we have 
[L°°(A4), L 2 (A<)] a = Lp(jM) by (El- This implies that 
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We know from the first part of this proof that j | & f 1 1 2 — * 0. Since (b t )t is bounded, we 
deduce that ||6tx|| p — > 0. Using again the boundedness of (bt)t, together with the density of 
M n L 2 (M) in L P (M), we obtain that \\b t x\\ p for any x G L P (M). 

Finally we assume that 1 < p < 2, and we let x G L P (M). By the converse of the 
noncommutative Holder inequality (see paragraph 2. A), there exist x',x" in L 2p (A4) such 
that x = x'x" . Then we have < ll&t^'l^pll^"^?- However H&tx'lhp — > by the above 

paragraph, hence we obtain that ||&tx|| p ^ □ 

Lemma 8.3. For any z G p{a), the left multiplication £_R( Zja ) : L p (Ai) — > L p (Ai) is one-one 
and has dense range. 

Proof. That Cm Z]a ) is one-one follows from Lemma f8. 11 Next let y G L p ' (M.) be orthogonal 
to the range of £_R( 2ja ) . Then 

= r(i?(z, a)xy) = r(xyR(z, a)) 

for any x G L P (A4), hence yR(z, a) = 0. Thus R(z, a)*y* = and by Lemma IHTT1 we deduce 
that y = 0. This shows that £,R(z,a) has dense range. □ 

Let z G p(a). According to Lemma 18.31 we may consider the inverse of CR( z ,a), with 
domain V equal to the range of £_R( 2 , a ) ■ Then we define 

(8.3) C a :=z-C~l a) :V^L p (M). 

Clearly C a is a closed and densely defined operator. Using the resolvent equation 

R(zi, a) - R(z 2 , a) = (z 2 - z 1 )R(z 1 , a)R(z 2 , a), 
it is easy to see that this definition does not depend on z. Moreover p(a) C p(£ a ) and 

(8.4) R(z,£ a ) = £ R{Z:a) , zep(a). 

Details are left to the reader. 

We now consider the specific case of sectorial operators. 

Proposition 8.4. 

(1) Assume that a: D(a) —>■ H is a sectorial operator of type uj G (0, n), which is affiliated 
with A4. Then C a is sectorial of type u on L P (A4). Moreover p(a) C p(jC a ) and for 
any z G p(a) and any x G L P (JH), we have R(z, £ a )(x) = R(z,a)x. 

(2) For any f G if^°(S w+ ) ; we have 

(8.5) f(jC a )(x) = f(a)x, xeL p (M). 

(3) Let 9 G (uj,7t) be an angle. Then £ a has a bounded if°°(Ee) functional calculus if 
and only if a has one. In that case, C a actually has a completely bounded H°°(Hg) 
functional calculus. 

(4) If a has dense range, then C a has dense range. If further a admits a bounded H°° (Eg) 
functional calculus, then hS.fty holds true for any f G H°°(Yiq). 
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Proof. Part (1) clearly follows from (|8.4|) . Next (2) follows (1) and ([3.5)1 . and (3) is a 
straightforward consequence of (2). 

Let us turn to (4). We let A = C a . We assume that a has dense range. According to [2TJ 
Theorem 3.8], a(t + a) -1 — > In strongly when t — > + . Moreover the net (a(t + a) _1 ) t>0 is 
bounded by sectoriality. Hence for any x G L p (Ai), \\a{t J r a)~ 1 x — x\\ p — ► when i — > + , by 
Lemma E2I Using (1), we note that a(t + a)~ l x = A(t+ A)^ 1 (x). Consequently, a(t + a)~ 1 x 
belongs to R(A) for any t > 0. Thus R(A) is a dense subspace of L p (Jvl). 

Assume moreover that a admits a bounded H 00 (Eg) functional calculus and consider any 
/ G Let x G L p (A^l), and let g be defined by fETTTJ) . Applying (2) twice, we see 

that 

0(a)/(a)x = g(A)(f(A)(x)) = g(a)[f(A)(x)}. 
Since p(a) in one-one, the identity f(A)(x) = f(a)x now follows from Lemma [8. 11 □ 

Next we discuss left multiplications by Co-semigroups. 
Proposition 8.5. 

(1) Let (w t )t>o be a bounded c^-semigroup on H, with negative generator a, and assume 
that w t G M. for each t > 0. Then a is affiliated with M.. 

(2) For any t > and x G L P (M), we define T t (x) = WtX. Then (T t )t>o is a bounded 
Co-semigroup on L P (M), with negative generator equal to C a . 

Proof. According to the Laplace formula (|3.2jl . we have 

POO 

(l + a)-\C) = / e-'wtiOdt, (eH. 
Jo 

Since M. C B(H) is strongly closed, this implies that (1 + a) -1 G M.. That a is affiliated 
with M. follows at once. 

It is clear that (T t )t>o is a bounded semigroup. Since (w t )t>o is bounded and strongly 
continuous, Lemma IH721 ensures that (T t ) t > also is strongly continuous. 

Let A be the negative generator of (T t ) t > . To show that A = C a , it suffices to check that 
(1 + A)^ 1 = £( 1+0 )-i, by ()8.4jl . We use the Laplace formula again. Let p' be the conjugate 
number of p. For x G L P (A4) and y G If' (A4), we have 

((l + A)- 1 (x),y) LP ^ = ([ e-'T^dt.y) , = / c~ l r{w t xy) dt . 

Arguing as in Lemma E2} we may find two sequences (Ck)k>i an d (Cfe)fe>i belonging to £ 2 (H) 
such that 

oo 

r(wm/) = ^(w(Cfc),6), WG.M. 
fe=i 
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Thus we obtain that 



/•oo 00 

((l + A)-\x),y)w = / e-'VWd),^* 

^ fc=i 

h. 1 VO 



fc=l 

= r((l + a)~ 1 xi/) 
= ((l + a)- 1 ^,?/)^ ^ . 
This proves the desired identity. □ 

Remark 8.6. In order to apply Proposition 18.41 (3), one needs to know which sectorial 
operators on Hilbert space have a bounded H°° functional calculus. This question was 
initiated in Mcintosh's fundamental paper on H°° calculus |54j . We refer to (HS], [HI Lecture 
3], and jlH] for various results on this topic. Let (w t )t>o be a bounded co-semigroup on 
H, with negative generator a. We recall that if (w t )t>o is a contraction semigroup, then a 
has a bounded H°°(llg) functional calculus for any 9 > ~. Furthermore, if a is sectorial of 
type u < f , then for any 9 > u, a has a bounded H°°(T,g) functional calculus if and only if 
(w t )t>o is similar to a contraction semigroup [46J. 

Remark 8.7. 

(1) Let a: D(a) C H — > H be a closed and densely defined operator affiliated with .M, 
and assume that p(a) 7^ 0. In ()8.3|) or ()8.4|) we defined the left multiplication by a on L P (.M). 
By symmetry, one can clearly define the right multiplication by a on L p (Ai); we denote this 
operator by lZ a . Namely, if a is bounded, we let TZ a (x) = xa for any x G L P (M). Then if a 
is unbounded, we argue as in the 'left case' and for any z G p(a), the operator lZ a is defined 
as z — T^Ri za y Equivalently, we have R(z,lZ a ) = TZr^^)- It is clear that Propositions 18.41 
and 18.51 extend verbatim to right multiplications. 

(2) If 1 < p, p' < 00 are two conjugate numbers, then the adjoint of the left multiplication 
by a on L P (M.) coincides with the right multiplication by a on L P '(A4). Indeed if a is 
bounded, we have 

(ax,y) = r(axy) = r(xya) = (x,ya), x G L p (Ai), y G L p (A4). 

Then the general case follows from the bounded one, by using resolvents. 

By a similar calculation, one has £° = 1Z a * and 71° = C a * (using the notation introduced 
in ()2.5j) ). By ()2.(ij) we deduce that if p = 2, we have 

C\ = C a * and TZ ] a = TZ a * . 

Thus C a (resp. lZ a ) is selfadjoint on L 2 (M) if and only if a is selfadjoint. 
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(3) We recall that two (possibly unbounded) operators A and B with non empty resolvent 
sets are called commuting if for any z\ G p(A) and z 2 G p(B), we have 

R(z u A)R(z 2 , B) = R(z2, B)R(z u A). 

It is clear that if a, b are two sectotial operators on H affiliated with A4, then the operators 
A = C a and B = Tib on L P (M) commute in the above sense. 

Left and right multiplications were used in the early days of H°° functional calculus to 
provide some examples involving pairs of commuting operators. Assume that p ^ 2, and 
consider the case when M. is equal to B(£ 2 ) equipped with the usual trace. It was shown 
in jlH] that there may exist positive selfadjoint operators a and b on I 2 such that the pair 
(CajHb) does not have a bounded joint functional calculus on S p (see the latter paper for a 
definition), although C a and Tib each admit a bounded H^ijlo) functional calculus for any 
6 > 0. On the other hand it follows from [33] and [J21 Theorem 6.3] that there may exist a 
positive selfadjoint operator a on H such that the operator C a on S 1 is not Rad-sectorial. 



8.B. Hamiltonians. 

In this part we wish to consider a special class of quantum dynamical semigroups and their 
extensions to noncommutative L p -spaces. For that purpose, we will need a few facts about 
bisectorial operators on general Banach spaces, their functional calculus, and relationships 
with sectorial operators. For any to G (0, |), we let 

S u = {z G C* : | - uj < \Axg{z)\ < - + uj} 

be the open cone of angle 2uj around the imaginary axis iR. Then we let if°°(iS w ) be the 
algebra of all bounded analytic functions on equipped with the supremum norm, and we 
let Hq'ISoj) be the subalgebra of all / for which there exists s > such that \f(z)\ = 0(\z\~ s ) 
as \z\ — > oo for z G S^, and \f(z)\ = 0(|2;| s ) as \z\ — > for z G S^. We say that a closed and 
densely defined operator B on some Banach space X is bisectorial of type uj if its spectrum 
is contained in the closure of S w , and if for any 6 G {uj, |), zR(z,B) is uniformly bounded 
outside Se- This is the same as saying that B and —B are both sectorial of type u + |. 
Assume that u; + |<7<0 + : |, and let g G H^°(Se). By analogy with (|3.5j) . we define 

(8.6) g{B) = -L I g( z )R(z,B)+g(-z)R(z,-B)dz. 

As in the sectorial case, this definition does not depend on 7, and g 1— > g{B) is an algebra 
homomorphism which is consistent with the functional calculus of rational functions. We 
say that B is bisectorial of type if it is bisectorial of type uj for any uj G (0, |). 

For any < u) < |, the transformation z 1— > — maps 5^ onto E 2£J . It is not hard to 
show that if B is bisectorial of type u G (0, |), then — B 2 is a sectorial operator of type 2uj. 
Furthermore, the functional calculi of B and — B 2 are compatible in the following sense. Let 
6 G (2uj,tt) and let / G H^(E ). Then the function g: S e/2 -> C defined by ^(z) = /(-^ 2 ) 
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belongs to H™(Sg/ 2 ), and we have g(B) = f(—B 2 ). This follows from ()8.6|) and (j3.5jl . details 
are left to the reader. 

We will apply the above construction to generators of bounded groups. Let X be a Banach 
space and let (C/t) te R be a bounded co-group on X. We let %A denote its infinitesimal 
generator. It is clearly bisectorial of type 0, hence A 2 is a sectorial operator of type 0. The 
function / defined by 

/(*) = e " § - TTi 

belongs to H£°(T> d ) for any < |. Thus if we let 7 G (|, ^r) and apply the above results to 
/, we find that 

(8.7) - (1 + A 2 )- 1 = -L ( e 4 _ -ij) jA) + -U)) . 
We claim that 

(8.8) e~— = —= \ e~~U s ds 

V27T J-oo 

in the strong sense. To prove this identity we start from the following two standard identities. 
For any s > 0, 



1 f°° * 2 . . 1 



e"T = -= / e- lst e--dt and e" s = - / er lst -hi dt . 



oo 



'27T . . 

Using Cauchy's Theorem and the analyticity of the two functions 



1+^ 



z I— > e S2 e Z 2 and 2 1— »■ e S2: 



1-z 2 

we deduce that for any s > 0, 

- — -s 

— — 7 / e sz dz and ^r- = — I e sz -^dz. 



27r 2m J r 2 2m 



Next using Fubini's Theorem, we deduce that 

roc , „2 , roo , 2 



f°° / - s 1 I \ Z" 00 / _s 2 N 

j_S^~ e ^) UsdS = Jo (W- 5 ?)^^^)^ 



-1 



1 /* 2 r z* 00 /»oo 



According to the Laplace formula (J3.2j) . the two integrals in the above brackets are equal to 
—R{z, —iA) and —R(z,iA) respectively. Hence combining with ()8.7|) . we have proved that 



'-^-^) Us ds =e~^ -(1 + A 2 r 
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To deduce (|8.8j> . it remains to observe that 

e -l s lf/ s ds = 2(1 + A 2 )' 1 . 



This is an easy consequence of the Laplace formula applied to the two semigroups (U s ) 8 >o 
and (U- S ) s > . 

Corollary 8.8. Let iA be the generator of a CQ-group of isometries on X . Then A 2 is a 
sectorial operator of type 0, and we have 

(8.9) e~ tA = — -= / e-^U ids, t>0. 



Moreover, ||e~' A2 || < 1 for any t > 0. 

Proof. We already noticed that A 2 is sectorial of type 0. Formula ()8.9|) follows by applying 
(J8.8)) with A replaced by \/2tA, and then changing s into \/2 s in the resulting integral. Since 

each U i is a contraction and J e~~ ds = 2 ypn, we deduce that \\e~ \\ < 1. □ 
We give another general result which will be used later on in this section. 

Lemma 8.9. Let (T t )t>o be a bounded co-semigroup on X, and let —C denote its generator. 
We let 

h(s) = —= —3- for any s > 0. 

ly/TX S 2 

Then we have 

i r°° 

(8.10) e^ 73 = / h{s)T st 2ds, t > 0. 

i 

// (T t )t>o is a contractive semigroup, then \\e~ tc ' 2 \\ < 1 for any t > 0. 

Proof. Formula (|8.1U|) is well-known, see e.g. (221 E x - 2.32]. Indeed a proof of (|8.1Uj) can be 
obtained by a computation similar to the one given for (|8.8|) . Since J °° h(s) ds = 1, the last 
assertion is clear from (|8.10j) . □ 



We will now apply the above results to a special class of quantum dynamical groups and 
their generators (see e.g. |q^[ III. 30]). Let (Ai,r) be a semifmite von Neumann algebra, 
and let 1 < p < oo be any number. Let a and b be two selfadjoint operators affiliated with 
Ai. If they are both bounded, we define an operator Ad^b) '■ L P (M) — > L P (M) by 

•Ad( at b)(x) = ax — xb, x G L P (A4). 

We will extend this definition to the case when a or b is unbounded. Let A = C a and B = IZb 
be the left and right multiplications on L P (M) by a and b respectively (see paragraph 8. A). 
We claim that the intersection D(A) H D(E>) is a dense subspace of L p (Ai), and that the 
difference operator 

A — B: D(A) n D(B) — ► L P (M) 
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taking x to A(x) — B(x) is closable. To prove the density assertion, note that for any 
x G L P (J\4), we have 

inR(in, A)(x) = inR(in,a)x — > x 

when n — > oo. Indeed this follows from ()8.4j) and Lemma [8.21 Likewise, inR(in, B)(x) — > x 
when n oo. We deduce that n 2 R(in, B) R(in, A) (x) — > —x when n — > oo. Since i?(m, 5) 
and R(in, A) commute for any n > 1, each element n 2 R(in, B) R(in, A)(x) belongs to the 
subspace -D(A) H D(B). Hence x is the limit of a sequence of -D(A) PI D(B). 

To prove the closability of A — 5, suppose that (ar n )n>i is a sequence of D(A) n -D(-B) 
converging to 0, such that A(x n ) — B(x n ) converges to some x G L p (Ai). The resolvent 
operators R(i, A) and R(i, B) commute, hence 

R(i, A)R(i, B)(A - B) = R(i, B) [AR(i, A)] - R(i, A) [BR(i, B)] 

on D(A)(1D(B). Thus 

R(i, A)R(i, B){x) = lim R{i, B) \AR(i, A)] (x n ) - limR(i, A) \BR(i, B)] (x n ) = 0. 

n n 

Since R(i, A)R(i, B) is one-one, this shows that x = 0. Hence A — B is closable. 

We can now define Adr a> ^ as the closure of A — B, that is, 
(8.11) Ad [a , b) = C a - K b . 

Lemma 8.10. Let a and b be selfadjoint operators affiliated with M., and let 1 < p < oo. 
For any t G R, we define U t : W{M) -> L P {M) by 

U t (x) = e ita xe- itb , x G L P (M). 

Then (Ut) te ^ is a co-group of isometries on L p (Ai), with generator equal to iAdu^. 

Proof. For any t G K, we define 

T t : L P (M) — ► L P (M) and S t : L P (M) — > L P (M) 

by letting T t (x) = e lta x and St(x) = xe~ ttb for any x G L p (Ai). According to Proposition 18. 51 
and its 'right' version, (T t ) tg jj and (S t ) te ^ are both c -groups of isometries on L P (A4), with 
generators equal to iC a and —iR-b respectively. These two co-groups are commuting (that is, 
S s T t = T t S s for any s, t), and U t = S t T t is defined as their product. Then it is easy to check 
that (U t ) te $i is a c -group of isometries. By e.g. 57, p. 24], its generator is the closure of 
the sum of the generators of (T f ) t and (S t )t- By (I8.11J) . this operator is iAd^). □ 

Remark 8.11. Let a,b and (U t )t be as in Lemma f8. 101 above. Let a = I®a be the closure 
of Ip <S> a on the Hilbertian tensor product £ 2 £g>2 H, and let b be defined similarly. These are 
selfadjoint operators affiliated with B(£ 2 )®J\4. Then it is clear that (U t ) t is a completely 
isometric Co-group, with 

mU t {y) = e ia ye- itl , t G R, y G S P [L P {M)]. 

By Lemma EOJl H®Ad( a ^ = iAd,~-j\ is the generator of (I®U t )t- 
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Theorem 8.12. Consider two finite commuting families (a 1; . . . , a n ) and (b\, . . . , b n ) of self- 
adjoint operators affiliated with A4. (Namely we asssume that aiaj = ajai and bibj = bjbi 
for any 1 < i, j < n, but we do not assume that a,i commutes with bj.) We assume that 
1 < p < oo, and for any 1 < j < n, we let Aj = Ad^ a .^ be defined by \8.11)) on L p (Ai). 

(1) The sum operator 

n 

C = A\+---+A 2 n . f]D(A 2 ) — > L P (M) 

i=i 

is closed and densely defined, and —C generates a completely contractive semigroup 
on the space L P (M). 

(2) Furthermore for any 9 > 0, C admits a completely bounded if°°(Ee) functional cal- 
culus on L p (Ai). 

Proof. It follows from Corollary 18 . 81 and Lemma fe.lUl that for any 1 < j < n, A 2 is a sectorial 
operator of type and that —A 2 generates a contractive semigroup (T/)t> on W^M). Since 
L p (M) is UMD, it also follows from [321 Section 4] that A 2 admits a bounded #°°(E e ) 
functional calculus for any 9 > 0. 

Next the sectorial operators Af,...,A^ are pairwise commuting, in the sense of Remark 
18.71 (3). Indeed A\, . . . ,A n are pairwise commuting, by our hypothesis that both families 
(di, . . . , a n ) and (o 1; . . . , b n ) are commuting. 

Since L P (M) is UMD, we deduce by |13 Proposition 3.2] and jlHl Theorem 1.1] that the 
sum operator C = A\ + . . . + A 2 n is a sectorial operator of type (in particular, it is closed and 
densely defined), and that C admits a bounded if 00 (Eg) functional calculus for any 9 > 0. 
Further if we let 

T t = T] ■ ■ ■ T™ : L P {M) — ► L P {M) 

for any t > 0, then (T t )t>o is a co-semigroup of contractions. By [HZl P- 24], its generator is 
—C. This proves the 'bounded' version of the theorem. 

To prove the 'completely bounded' version, we let aj = I®aj and bj = I®bj be the closures 
of Ip (g> aj and I p. <g> bj on £ 2 ® 2 H respectively. According to Remark EHH <Ad{£ j ,a i ) — I®Aj. 
Moreover (cTi, . . . , a n ) and (6 1; . . . , b n ) are commuting families. Hence applying the first part 
of this proof to these families, we obtain that I®C generates a contractive semigroup and 
admits a bounded if 00 (Eg) functional calculus for any 9 > 0. □ 

Remark 8.13. 

(1) Consider ( ) and (&i, . . . , b n ) as in Theorem 18. 121 above. Suppose that p = 2, 

and let T t = e~ tc be the semigroup generated by — C on L 2 (Ai). It is clear that A 2 is 
selfadjoint for any 1 < j ' < n. Indeed this follows either from Remark 18.71 (2), or from the 
fact that the generator of a group of isometries on Hilbert space is necessary skewadjoint. 
This implies that for any t > 0, T t : L 2 (A4) — > L 2 (M) is selfadjoint. Furthermore applying 
Corollary 18.81 and Lemma 18.101 on X = L x (Ai), and arguing as in the proof of Theorem 
18.121 (1), we see that T t is contractive on L l (A4) for any t > 0. Hence (T t ) t > is a diffusion 
semigroup on Ai (see Remark 15. 2 j) . 
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Later on in this section, we will consider the square root operator 
(8.12) A = Ci = (Aj + ■ ■ ■ + Alf 2 . 

Applying Lemma 18.91 and the above paragraph, we see that (e~ tA )t>o also is a diffusion 
semigroup on Ai. 

(2) For a selfadjoint operator a affiliated with Ai, we let 

Ad a •Adf^a^a) ■ 

For any s£l, the operator U s : L 2 (Ai) — > L 2 (M) taking any x 6 L 2 (Ai) to e lsa X e~ lsa is 
completely positive. Hence according to Lemma IH. 101 and Corollary 18 .8[ e~ tj ^ da is completely 
positive for any t > 0. 

Next we consider a commuting family (ai, . . . , a n ) of selfadjoint operators affiliated with 
Ai, we let Aj = Ad aj for any 1 < j < n, and we let C = A\ + • • ■ + A 2 n . (In other words, we 
consider the case when aj = bj in Theorem 18.121 and in (1) above.) Since T t = e~ tc is the 

-tAd 2 

product of the e °i , we obtain from above that T t is completely positive for any t > 0. 
Likewise, if A is defined by (J8.12|) . then e~ tA is completely positive for any t > 0. Indeed 
this follows from Lemma f8. 91 Thus (e~ tc )t>o and (e~ tA )t>o are completely positive diffusion 
semigroups. 

2 - 

These results apply in particular to the case when A = \Ad a \ = ((Ad a ) ) 2 is the modulus 
of the operator Ad a . 



For a fixed 1 < p < oo, let A\, . . . , A n and C be as in Theorem I8.12j and let 9 > 
be a positive angle. The second part of the above theorem says that the homomorphism 
tt: Hg°CEg) — > B(L p (Ai)) taking / to f(C) is bounded. According to the methods we 
used for this result, the norm of that homomorphism can be dominated by a constant only 
depending on p, 9, and n, and not on the families (ai, . . . , a n ) and (bi, . . . , b n ) used to define 
Ai, . . . , A n . For some applications (see paragraph 8.C below), the fact that ||7r|| may depend 
on n turns out to be a serious drawback. In the last part of this paragraph, we will show 
that this norm can be dominated by a constant which does not depend on n, provided that 
we insist that 9 be large enough. As in Section 5, we let 

1 1 

uj p = rr - - - . 
p 2 

Theorem 8.14. Let (_M,r) be a semifinite von Neumann algebra, let 1 < p < oo, and let 
9 > ujp. There exists a constant Kg jP satisfying the following property: 

If(ai, . . . , a n ) and (pi, . . . , b n ) are two commuting families of selfadjoint operators affiliated 
with M, if Aj = Ad( a . )bj ) on L P (M), and if we let A = (A\ + h A 2 )?, then 

\\f(A)\\ < ^ jP imU, feH~(Z e ). 
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Proof. We noticed in Remark 18. 131 (1) that —A generates a diffusion semigroup on M.. Thus 
according to Proposition 15.81 and the subsequent Remark I5.1()| it will suffice to prove the 
theorem for any 9 > |. 
We write 

1 _tP_ 1 e - 4i 

b{y) = e 4 and h(s) = — — 
2V 71 " 20T S 2 

for the two nonnegative functions appearing in ()8.9|) and ()8.10p respectively. 

Let C = A\ + ■ • • + A\ be the square of A, and let (T t ) t > be the c -semigroup generated 

by — C. For any 1 < j < n, we let (U^) t be the c -group on L P (M) generated by iAj. We 

noticed in the proof of Theorem 18 . 1 21 that (T t ) t > is the product of the semigroups generated 

by the A 2, s. According to ()8.9|) . we obtain that for any t > 0, 

/OO /* OO 

= [ b( yi )---b(y n )U' , ■■■(/" ,d Vl ---d V „. 
Applying Lemma IB .101 we deduce that for any x G L p (Ai), 

T t (x) = [ %!)•■■%„) x 

JW 1 

exp{it2( yi ai H h i/„a n )} x exp{-zta(yi&i H h y n K)} dy x • • • dy n . 

If we change t into st 2 in the above identity and apply (j8.1()jl . we deduce that 

e- tA (x) = J h(s)b( yi )---b(y n )x 

exp{it s^{y 1 a x H h y n a n )} x exp{ -it s 2(3/1 61 H h y n b n )}dsdyi ---dyn, 

the latter integral being taken on IR + x R n . 

Thus e _L4 is an average of co-groups of isometries on L P (A4). More precisely, for any 
(s, yi, ... , ?/ n ) in the set R + x R n , let B{s, y±, . . . , y n } denote the operator — iAd^b), where 
a = s^{yiai + ■ ■ ■ + y n a n ) and b = s^{y\bi + • ■ ■ + y n b n ). With this notation, we have 

exp{-tB{s,y 1 , . . .,y n }}(x) = exp{it s^{y l a l H hj/„a n )} x exp{-it s'(yibi H hy n b n )} 

for any x G L P (.M). Hence we actually have 

«-» = /K.)K»)-iW«p{-«hft 

in the strong sense. 

We can now conclude by repeating the argument in the proof of Proposition 13.121 (it is 
actually possible to apply this proposition directly). Indeed by the Laplace formula we 
deduce from above that for any complex number z with Re(z) < 0, we have 

(8.13) R(z, A) — J h(s) 6(2/1) • ■ ■ b(y n ) R(z, B{s, y u . . . , y n }) ds dy 1 - ■ ■ dy n . 
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Then applying ()3.5|h we deduce that for any 9 > f and any / G Hq°(Eq), we have 

/(A) = /kWK J ,)...iW/(flh Sl ,..,».})« Jl -4,, 

According to Proposition 13 . 1 ll for X = L P (.M), we have an estimate 

\\f(B{s, yi ,...,y n })\\ < KeM^o, 

for some uniform constant Kg tP only depending on 9 and p. Since h and 6 are nonnegative 
and have integrals equal to one, we deduce that for any / G H£°(Eg), 

WfW || < / fc(.) Kv.) • ■ ■ &(</„) ||/(B{., „, . . . , >/„}) || i. A,, ■ • • d Vn 

< J h(s)b(yi)---b(y n )Ke,p\\f\\oofidsdyi---dy n = K e>p \\f\\oo,e- 

□ 



Remark 8.15. Arguing as in the proof of Theorem 18.121 we obtain a completely bounded 
version of Theorem 18.141 Namely there is a constant Kg jP such that if aj,bj and A are in 
this theorem, then \\f(A)\\ cb < KgJfW^g for any / G ff °°(£*). 

Remark 8.16. 

(1) Let Ax, . . . , A n , C, and A as above. Since C = A 2 , it follows from Theorem 18. 141 that 
for any 6 > 2u p we have 

(8-14) \\f(C)\\ < i^ p |mU, /ei? °°(^). 

(2) Assume that dj = bj for any 1 < j < n. In that case, the co-semigroup (T t )t>o 
generated by — C is completely positive (see Remark 18.131 (2)). Hence C is Rad-sectoriel 
of Rad-type u p by Theorem 15.61 Therefore combining ()8.14j) and Proposition 5.1], we 
deduce that for any 9 > uj v , there is a constant K' g only depending on p and 9 such that 
||/(C)|| < K' 0p WfW^e for any / G H^e). In turn this implies that 

11/(^)11 < KpWflUe, 9>^, feHfpo). 

8.C. Schur multipliers on S p . 

Let 1 < p < oo. As usual, we will regard the Schatten space S p as a space of scalar 
valued infinite matrices, and we let denote the standard matrix units, for i,j > 1. Let 
[a>ij]i,j>i be an infinite matrix of complex numbers. By definition, the Schur multiplier on 
S p associated with this matrix is the linear operator A whose domain is the space of all 
x = [xij] G S p such that [a^x^] belongs to S p , and whose action is given by 

A(x) = //,,./•,, ,,, .,. X = \Xij\i.j-yx G D(A). 

Each Eij belongs to D(A), hence A is densely defined. It is also easy to check that A is 
closed. Moreover the kernel of A is equal to 



N(A) = Span{Ey : Oy = 0}. 
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In particular, A is one-one if a^ 7^ for any i,j > 1. 

Let z G C be a complex number. Clearly z G p{A) if and only if a^j 7^ 2; for any i,j>l 
and if the Schur multiplier associated with the matrix \{z — a^) -1 ] is bounded. In that case, 
R(z, A) coincides with that Schur multiplier. 

o 

For any 9 G (0, tt) and any / G H°°(Y,q), it will be convenient to let /: Hg U {0} — ► C 

o 

denote the prolongation of / obtained by letting / (0) = 0. 

Using ([3.5)1 . we deduce from above that if A is sectorial of type u G (0, tt), then G S w 

o 

for any i, j > 1, and f(A) is the Schur multiplier associated with the matrix [/ ((%)] for any 
/ G H^CEg) and any 6 G (w, tt). 

Furthermore, —A generates a bounded co-semigroup (T t )t>o on S* p if and only if the Schur 
multipliers associated to the matrix [e - ** 1 ^] are uniformly bounded. In that case, T t is indeed 
the Schur multiplier associated to the latter matrix. 

The main result of this paragraph is the following. 

Proposition 8.17. Let H be a real Hilbert space, and let (ak)k>i and (Pk)k>i be two se- 
quences of H . In the next statements, || ■ || denotes the norm on H. 

(1) For any 1 < p < 00, the Schur multiplier on S p associated with [\\cxi — Pj\\] is cb- 
sectorial of type u p = tt|| — ^| and admits a completely bounded if 00 (Eg) functional 
calculus for any 9 > u p . 

(2) For any 1 < p < 00, for any 9 > u p , and for any f G H°°(Eq), the Schur multiplier 

o 

associated with [f (||o;j — (3j\\)] is completely bounded on S p . 

(3) For any t > 0, the Schur product T t associated with [e^" 01 *'^"'] is completely con- 
tractive on S p for any 1 < p < 00, and (T t ) t > is a diffusion semigroup on B(£ 2 ). 

We will need the following approximation lemma. Its proof is elementary, using the facts 
given before Proposition 18.171 We leave it as an exercice for the reader. 

Lemma 8.18. Let 1 < p < 00 and let u G (0, 7r) be an angle. For any i,j > 1, let (a^)„>i 
be a sequence ofT,^, which admits a limit aij when n — > 00. Let B n (resp. A) be the Schur 
multiplier on S p associated with [a™ ] (resp. with [aij]). 

(1) Assume that cr(B n ) C S w for any n > 1 and assume that for any 9 > uj, there is a 
constant Kg > such that \\zR(z, B n )\\ < Kg for any z G C \ and any n > 1. 
Then A is sectorial of type uj. 

(2) Assume further that for some 9 > uj, there is a constant K > such that \\f(B n )\\ < 
^||/||oo,0 f or an V f € -^o°(^e) and any n > 1. Then A has a bounded H°°(T,g) 
functional calculus. 

(3) Assume that —B n generates a bounded c -semigroup (T™) 4 > for any n > 0, and that 
there is a constant C > 1 such that ||T f n || < C for any t > and any n > 1. Then 
—A generates a bounded co-semigroup (T t ) t >o, and \\T t \\ < C for any t > 0. 

Proof, (of Proposition 18.171 ) We fix some 1 < p < 00. Throughout this proof we let 
a^ = || oti — /3j||, and we let A be the Schur multiplier on S p associated with the matrix 
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[ a ij]i,j>i- Replacing H by the closed linear span of the c^'s and /3/s if necessary, we may 
asssume that H is separable. Let (e k )k>i be an orthonormal basis of H. For any k > 1, we 
let 

a ik = {ati, e k ) and j3 jk = e k ) . 
Then for any i,j > 1, we have 



lima™, with a™- = ( ^{^ik - (3jk\ 2 ) 



All numbers and (3j k are real, hence we may define selfadjoint operators a k and h k on £ 2 
with diagonal matrices equal to Diag{«jfc : i > 1} and Diag{/5jfc : j > 1} respectively. Let 
be the Schur multiplier associated to the matrix [oiik — Pjk] ■ Then 

A k (Eij) = (oci k — PjkjEy = a k Eij — E^bf. 

for any i,j > 1. Hence A k = Ad( ak ,b k ) in the notation of paragraph 8.B. For any integer 
n > 1, we let 

B n = {A\ + ... + Aiy. 

Thus B n is the Schur multiplier associated with the matrix [a™]. 
We fix some 6 > u p . Then for any A G C \ Eg, we let 

h{z) = — t . 

1 + z A — z 

Let 6' = (u p + ff)/2 and note that fx belongs to H^CEqi), with sup A ||/a||oo,6»' < oo. Hence 
by Theorem 18.141 (applied with 8'), there is a constant Kq not depending either on A or n 
such that \\f x (B n )\\ < K e . 

On the other hand, by Theorem 18.121 and Lemma I8.1U1 — B n generates a contraction 
semigroup on S p . Hence ||(1 + -B.^) -1 !! < 1 for any n > 1, by the Laplace formula. Since 
fx(B n ) = (1 + B n )~ l — XR(X, B n ), we deduce that for any n > 1, 

\\\R{\B n )\\ <K 9 + 1, XeC\W e . 

By Lemma [8.181 (1). this implies that A is sectorial of type u p . 

Likewise using Lemma 18.181 (2) and Theorem 18.141 we obtain that A admits a bounded 
i7°°(E e ) functional calculus for any 9 > u p . This proves the 'bounded' part of (1). To obtain 
the 'completely bounded' part, it suffices to apply the same argument together with Remark 
18.151 and a obvious completely bounded version of Lemma 18.181 

We now prove (2). Note that A may fail to have dense range. We let / G if 00 (Eg). 
Multiplying / by the function g n defined by we find a bounded sequence (f n ) n >i in 

o o 

iJ^°(Ee) such that f n converges pointwise to / on Eg U {0}. Since A admits a completely 
bounded H°°(T>q) functional calculus, there is a constant C > such that ||/ n (A)|| c6 < 
C||/n||oo,0 for any n > 1. Thus the completely bounded norms of the Schur multipliers 

o 

associated with [f n (a^)] are uniformly bounded. Passing to the limit, we deduce the result. 



83 



To prove (3), let t > be any nonnegative real number. For any n > 1, the Schur product 
associated with [e - *^] is e~ tBn , and the latter is a complete contraction on S p . In fact this is 
a complete contraction on S q for any 1 < q < oo, by arguing as in Remark l8.13l (1). Passing 
to the limit, and using Lemma 18.181 (3), this shows that the the Schur product associated 
with [e~* aiJ ] is a complete contraction on S g for any 1 < q < oo. By Remark 15 .2\ this 
semigroup is a diffusion semigroup. □ 

Remark 8.19. Proposition 18.171 (1) is no longer true for p £ {l,oo}. Indeed consider the 
following example. Take two sequences (tk)k>i an d (sfc)fe>i of positive real numbers, and for 
any hi > 1) define 

ai = VUe 2 i and (3j = ^/J] e 2j+ i 
on £ 2 equipped with its canonical basis (e&)fc>i. Then ||ck£ — /3j\\ — ti + Sj for any i,j > 1. 
Hence the operator A to be considered is the Schur multiplier associated with the matrix 
[ti + Sj]. It we take e.g. = tk = 2 fc , it was proved by Uijterdijk [73] that the latter Schur 
product does not have any bounded H°° functional calculus on S 1 . 
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9. Semigroups on (/-deformed von Neumann algebras. 

9. A. The case — 1 < q < 1. 

This section is devoted to semigroups derived from second quantization on von Neumann 
algebras of g-deformation T g (H) in the sense of Bozejko and Speicher (see [12 [H]). We start 
with a few definitions and some background, for which we refer the reader to the two latter 
papers and to [T5] . 

If TC is a complex Hilbert space and n > is an integer, we let TC® n be the algebraic n-fold 
tensor product TC ® - • • (g> TC and we let ( , ) be the standard inner product on TL® n . By 
convention, Ti m = C. We fix some g 6 (-1,1). Then one defines 

(9.1) (c,C% = (Q q (,(') , C,('eH®«, 

where Q q : TL® n — > TL® n is a linear operator defined as follows. Let S n denote the permutation 
group on the integers {1, . . . , n} and for any a G <S n , let l(o) denote the number of inversions 
of a. Then Q q is defined by 

(9.2) Q q {h 1 ®---®h n ) = Yj Q. L{a) K{i)®---®K {n) , h u ...,h n eH. 

cr^Sn 

1 

According to [TH], Q p is a positive operator on 7i® n , and ( i— > ((, () q is a norm on 7i® n . We 
let 7i® n denote the resulting completion. Then by definition, the g-Fock space over TC is the 
Hilbertian direct sum 

T (H) = © H? n . 

In the sequel we will use ( , ) q to denote the inner product on the whole space J r q {H). Since 
its restriction to each H,® n coincides with ()9.1|) . there should be no confusion. Accordingly, 
| \\ q will stand for the norm on T q (7i). 

We let VL be the unit element in = C. This is usually called the vacuum. For any 
h ETC, the creation operator c(h) on F q (H) is defined by letting c{h)VL = h, 

c(h) (fta ® • • • <g) h n ) — h ® hi ® • • - ® h n , hi, . . . , h n e H, 

and then extending by linearity and continuity. Indeed, 

c(h): T q {H) ^T q {H) 

is a bounded operator taking 7i® n into 7i^ n+l ' for any n > 0. Next the annihilation operator 
a{h) : J r q (TC) — > T ' q (H) is defined by 

a(h) = c{h)\ heH. 

Throughout the rest of this section, we let if be a real Hilbert space, and we let H£ denote 
its complexification. We will use the above g-Fock space, as well as creation and annihilation 
operators, for Ti, = H£. For any h G H, we let 

w{h) = a{h) + c{h). 
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This is a selfadjoint operator on !F q (H£), called a g-Gaussian operator. By definition, the 
von Neumann algebra of g-deformation associated with H is 

V q {H) = vN{w(h) : h G H} C B(F q (H c )), 

the von Neumann algebra generated by all g-Gaussian operators. 
We let 

(9.3) t(x) = {xQ, Q) q , xeY q (H). 

It was proved in ^3] that Q is a cyclic and separating vector for the von Neumann algebra 
T q (H), so that the mapping 

A:T q (H)^^ q (H c ), A{x) = x{Si), 

is one-one and has dense range. Moreover r is a normal, faithful, normalized trace on T q (H). 
In this section, we will consider the noncommutative L p -spaces L p (T q (H)) associated with 
r. Since 

\\x\\l = T(x*x) = \\x{n)\\ 2 q 

for any x G T q (H), we see that A extends to a unitary isomorphism 

(9.4) L 2 (T q (H)) ~ T q {H c ). 

Following jT^j, we now consider the second quantization on g-Fock spaces and von Neu- 
mann algebras of g-deformation. Let Hi,H 2 be two real Hilbert spaces, with complexifi- 
cations denoted by TCi and H2 respectively. Let a: Hi — > H 2 be a contraction, and let 
a : TCi — > Ti.2 denote its complexification. Then there is a (necessarily unique) linear contrac- 
tion 

F q {a): T q {Hi)^T q {H 2 ) 
such that F q (a)(Q) = Q and for any n > 1, 

(9.5) F q (a) (hi ® • • • ® hn) = a(hi) ® • • • <g> a(/i„), hi, . . . ,h n G Wi. 
(See Lemma 1.4].) Moreover we have 

F g (a)* = F 9 (a*) and F(aa') = F(a)F(a) 

for any contractions a, a'. Next, there is a (necessarily unique) normal unital completely 
positive map 

r^a):^)— ►r„(ir 2 ) 

such that A o T q (a) = F q (a) o A. Equivalently, 

(9.6) [F q (a)(x)p = F q (a)(xQ), x G r,^). 

This is established in |15| Section 2]. According to that paper, or using ()9.6j) . we see that 

T q (a)(x) = F q (a)xF q (a*) 
for any x G T q (Hi). Hence we deduce that 

(9.7) (r,(a)(x))* = r q (a)(x*), x G F q (Hi). 
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Lemma 9.1. For any contraction a: Hi — > H 2 , and any 1 < p < oo, the operator T q (a) 
(uniquely) extends to a complete contraction from L p (T q (Hi)) into L p (T q (H 2 )). 

Proof. The proof is similar to the one at the beginning of Section 5. Let x £ T q (Hi) and 
y £ r 9 (iJ 2 ). Using (j9~3jl . (jnil), and j22), we have 

r(yT q (a)(x)) = (y[T q (a)(x)}Q,Q) q = (yF q (a)(xQ),Q) q 

= (xQ,F q (a*)(y*Q)) q = (xQ,[T q (a*)(y*)}Q) q 

= T(T q (a*)(y)x). 

We deduce that 

\ T (y T q( a )( X ))\ < \\ X \U\\ T q( a *)(y)\\oo < |N|l||2/||oo- 

Taking the supremum over y in the unit ball of T q (H 2 ), we obtain that ||r g (a)(a;)||i < 
||a;||i. This shows that T q (a) extends to a contraction T q (a): L 1 (T q (Hi)) — > L 1 (r g (i/ 2 )). 
By interpolation, we deduce that T q (a): L p (T q (Hi)) — > L p {T q (H2)) is a contraction for any 
p > 1. Arguing as in Remark 15. 11 we see that T q (a): L p (T q (Hi)) — > L p (T q (H 2 )) is actually 
a complete contraction. □ 

Remark 9.2. Under the identification ()9.4|) . the extension of T q (a) to L? coincides with 
F q (a). It also follows from the above proof that T q (a) is selfadoint (in the sense of ()5.1)l ) if 
a: Hi — > H 2 is selfadjoint. 

We now turn to semigroups of operators obtained from second quantization. We will 
silently use Lemma f9.1| which allows to consider these operators as contractions on noncom- 
mutative L p -spaces. 

Lemma 9.3. Let q £ (—1, 1). Let H be a real Hilbert space and let (at)t>o be a co-semigroup 
of contractions on H . For any t > 0, let T t = T q (a t ) be defined by second quantization on 

(1) For any 1 < p < oo, (T t ) t >o is a completely contractive c^-semigroup on L p (T q (H)) . 

(2) If further (a t ) t > is selfadjoint, then (T t ) t > is a completely positive diffusion semi- 
group on T q (H) (in the sense of Section 5). 

Proof. For simplicity, we write L p instead of L p (T q (H)) along this proof. It is clear that 
(T t ) t > is a semigroup of complete contractions on each L p . Since (a t ) t > is strongly contin- 
uous on H, (d t )t>o is strongly continuous on H<^. Hence (F q (a t ))t>o is strongly continuous 
on each H^ n , by (j9.5j) . By density, it is strongly continuous on FqiHc). This implies that 
{Tt)t>o is point w*-continuous on the von Neumann algebra T q (H). In turn, arguing as in 
Section 5, this implies that (T t )t>o is strongly continuous on LP for any 1 < p < oo. This 
proves (1). The assertion (2) now follows from Remark 19.21 □ 

Theorem 9.4. Let H be a real Hilbert space and let (at)t>o be a co-semigroup of contractions 
on H. For any q £ (—1, 1) and any t > 0, we let T t = T q (a t ). Then for any 1 < p < oo, we 
let —A p denote the generator of (T t ) t > on L p (T q (H)). 
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(1) For any 1 < p < oo, and any 9 > |, the operator A p has a completely bounded 
H°°(Eq) functional calculus. 

(2) If further (a t )t>o is self adjoint, then for any 1 < p < oo, and any 
operator A p has a completely bounded H°°(Tlg) functional calculus. 

Proof. Clearly part (2) of this theorem follows from Lemma 19.31 (2), Proposition 15.81 and 
part (1). Thus we only have to prove (1). We fix some 1 < p < oo and write A = A p for 
simplicity. According to [SHI Theorem 8.1], there exist a (real) Hilbert space K, a linear 
isometry j : H — > K, and a Co-group («t)t e R of orthogonal operators on K such that 

<k = futj, t>0. 

Applying second quantization, we have T q (a t ) = T q (j*)T q (u t )T q (j), for any t > 0. Owing to 
Lemma 19.11 we consider the //-realizations of these quantized operators, which we denote 
by 

j = r q (j) : L*>(r q (H)) — ► L*>(r q (K)), q = r q (f) ■. irp q (K)) — u>{v q {H)i 

and 

U t = T q (u t ) : L p (T q (K)) — . L p (r,(K)), t G E. 

Then J, Q are complete contractions. By Lemma l9~3*l (£7^)* is a Co-group of complete contrac- 
tions on L p (T q (K)), or equivalently, a co-group of complete isometries. Moreover we have 
the following dilation property 

T t = QU t J, t E R. 

The result therefore follows from Proposition 13.121 □ 

In the case when a t = e~ l lu-, (T t ) t > is the so-called g-Ornstein-Uhlenbeck semigroup (see 
e.g. This is a selfadjoint semigroup, and hence it satisfies the conclusion of Theorem 

IP (2). 

9.B. Clifford algebras. 

We now present an analogue of Theorem 19.41 on Clifford algebras. These algebras corre- 
spond to the ones considered in the previous paragraph for q = —1, up to some modifications 
due to the fact that the operator Q q defined by ()9.2j) has a non trivial kernel if q — — 1. Instead 
of formally using 9. A, we will consider the (equivalent) usual definition of Clifford algebras 
in terms of antisymmetric products. We refer the reader to [TSl for more information. 

If H is a complex Hilbert space, we let A n (TC) denote the n-fold antisymmetric product of 
H, equipped with the canonical inner product given by 

(In A • • • A h n , h' x A • • • A h' n ) = det [(hi, h'j)] , h h U j E H. 

By convention, A°(7Y) = C. We let Q be the unit element of A°(7i). Then the antisymmetric 
Fock space over 7i is the Hilbertian direct sum 

MH) = © A n (H). 

n>0 
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For any h G H, the creation operator c{h) on A{H) is denned by letting c(h)Q = h, 

c(h) (hi A • • • A h n ) = h A hi A • • • A h n , hi, . . . ,h n G H, 

and then extending by linearity and continuity. Its adjoint c(h)* is the annihilation operator, 
denoted by a(h). 

Next we consider a real Hilbert space H, we use the above construction on H = H£, and 
we let w(h) = a(h) + c(h) for any h G H. These operators are called Fermions. The von 
Neumann Clifford algebra associated with H is 

C(H) = vN{w(h) : h G H) C B(A(H C )). 

We equip it with the normal faithful normalized trace r defined by t(x) = (xQ, Q), and we 
consider the associated noncommutative L p -spaces L P (C(H)). 

In the analogy with paragraph 9. A, we can think of A(H) and C(H) as being equal to 
J-"-i(H) and T-i(H) respectively Then second quantization on these spaces can be defined 
as in 9. A. Namely if a : H\ —>■ H2 is a contraction between real Hilbert spaces and if a denotes 
its complexification, the operator F_i(a) : A(Hi) — ► A(7i 2 ) is the (necessarily unique) linear 
contraction defined by F_i(a)(f2) = Q and for any n > 1, 

(9.8) -^-1(0) (h A • • • A hn) = ci( h i) A ■ ■ • A a(h n ), hi, . . . ,h n G Hi. 

Next, r_i(a) : C(Hi) — >■ C(H 2 ) is the (necessarily unique) normal unital completely positive 
map such that 

(9.9) [r_ x (a)(aO]fi = F_i(a)(xfi), x G C(H\). 

It is easy to see that Lemmas 19 . 1 1 and l9~!?| as well as R emark I9~21 extend to the case q — — 1. 
Likewise, Theorem 19 1 41 extends to that case with the same proof and we obtain the following 
statement. 

Theorem 9.5. Let H be a real Hilbert space and let (a t )t>o be a c^-semigroup of contractions 
on H . For any t > 0, we let T t = T_i(a t ). Then for any 1 < p < 00, we let —A p denote the 
generator of (T t )t>o on L P {C(H)). 

(1) For any 1 < p < 00, and any 6 > | ; the operator A p has a completely bounded 
if°°(Se) functional calculus. 

(2) If further (a t )t>o is self adjoint, then for any 1 < p < 00, and any 9 > 7r|~ — ~| ; the 
operator A p has a completely bounded if°°(E e ) functional calculus. 

Assume now that H is infinite dimensional, and let (ej)j>i be an orthonormal family. We 
let Wi = w(ei) for any % > 1. It is well-known that these operators form a 'spin system'. 
Namely they are hermitian unitaries on A(H) and 

WAV, = -W s Wi, if i ± j. 

We let X be the set of all increasing finite sequences {ii < i 2 < ■ ■ ■ < i m } of positive integers. 
If F is such a sequence we let 

v F = w n ---w lm . 
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By convention, the empty set belongs to X, and we let V$ — 1. Also we write \F\ for the 
cardinal of F e 1. Since the W^s form a spin system, the *-algebra they generate is equal 
to 

V = Span{V F : F el}. 

Thus V is w*-dense in C(H), and it is dense in L P (C(H)) for any 1 < p < oo. 
It is easy to see that for any F = {i 1 < i 2 < ■ ■ ■ < i m }, we have 

V F VL = e h A ■■■Ae,„, 

Hence the V F 's form an orthonormal basis of L 2 (C(H)). 

We now focus on the completely positive noncommutative diffusion semigroup on C{H) 
defined by 

T t = r_ 1 (e-*/ H ), t > 0. 

This is the Fermionic Ornstein-Uhlenbeck semigroup. According to the above discussion, we 
have 

T t (V F ) = e-*WV F , t > 0, F E I. 
The operator A: V —* V defined by 

(9.10) A(V F ) = \F\V F , F el, 

is called the number operator. It follows from above that for any 1 < p < oo, the negative 
generator A p of (T t ) t >o on L P {C(H)) is an extension of A. Equivalently we can regard A p as 
an L p -realization of the number operator. 

o 

For convenience, we introduce 1 = 1\ {0}. 
Corollary 9.6. Let 1 < p < oo and let 8 > 7r|- — || be an angle. Then for any function 

o 

/ e H°°{Y,q) and for any finitely supported family of complex numbers {a F '■ F e l}, we 
have 

(9.H) \\Ta F f(\F\)V F < /q/lloojYVVi 

1 1 ^— -* ' p 1 1 ^—^ ' 

F F 

where K > is a constant not depending on f . 

Proof. Let A = A p be the negative generator of the Fermionic Ornstein-Uhlenbeck semigroup 
on L p (C(H)), and let / e #°°(£ e ). We let 

L P {C{H)) = S^{V F : F el}. 



According to the above discussion and (|9.1U|) . we have L P (C(H)) = R(A). We let A denote 
the restriction of A to that space. By Theorem 19.51 (2), A admits a bounded H 00 (Eg) 
functional calculus. Hence by Theorem 13.31 and Remark 13.41 we may define a bounded 
operator 

f{A): L p {C{H)) — L p (C°(H)), 
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and ||/(A)|| < -^||/||oo,e f° r some constant K not depending on /. Now using (|9.1Uj) . we 

o o o 

see that f{A) takes Vp to /(|F|)Vp for any F E X. Thus f{A) takes \}2, f oifVf) to 

(Ef /(l^l) > which y ields (TO). □ 

The latter corollary can be regarded as a result on 'noncommutative Fourier multipliers' 
associated with a spin system. Indeed, Corollary 19.61 says that the family 

{f(\F\) : Fa} 

is a bounded multiplier on L P {C(H)) with respect to the basis {Vp : F El}. In fact, A = A p 

o 

has a completely bounded if ^(Ee) functional calculus on L P {C{H)). Hence {f{\F\) : F El} 
is a completely bounded multiplier. Namely, (j9.11|) remains true if {ap)F is a family lying 
in S p , and multiplication is replaced by tensor products. 

We noticed that results in this paragraph correspond to those in paragraph 9. A in the 
case q = —1. We can do the same in the case q = 1. However the results we may obtain in 
this case are not new. Indeed for a real Hilbert space H, the von Neumann algebra Fi(H) 
is commutative, hence Cowling's Theorem (see Remark 15.9)1 apply to semigroups on Ti(H) 
obtained from second quantization. 
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10. A NONCOMMUTATIVE POISSON SEMIGROUP. 

10. A. Definitions. 

Let n > 1 be an integer, and let G = ¥ n be a free group with n generators denoted by 
Ci, . . . , c n . We let e be the unit element of G, and we let (S g ) ge G denote the canonical basis 
of £q. Then we let A: G — > B(£ G ) be the left regular representation of G, defined by 

X(g)8 h = 5 gh , g, h eG. 

We recall that the group von Neumann algebra VN(G) C B(£q) is defined as the von 
Neumann algebra on £ G generated by the *-algebra 

V = Span{A(#) : g G G}. 

We let r be the normalized trace on VN(G) defined by r(x) = (x(S e ), 8 e ) for any x G VN(G). 
We will consider the noncommutative ZAspaces L P (VN(G)) associated with this trace. For 
any 1 < p < oo, V C L P {VN(G)) is a dense subspace. Moreover for any finitely supported 
family (a g ) g of complex numbers, we have 



|X) a 9 A (#)|| 2 = (J2 



\<Xg\ 



9 

Thus we have L 2 (VN(G)) = £%. 

Since G is a free group, any g G G has a unique decomposition of the form 

(Id) 9 = 

where p > is an integer, each ij belongs to {1, . . . , n}, each kj is a non zero integer, and 
ij 7^ ij + i if 1 < j '• < p — 1. The case when p = corresponds to the unit element g = e. By 
definition, the length of g is defined as 

\g\ = \kx\ H h \k p \. 

This is the number of factors in the above decomposition of g. 

For any nonnegative real number t > 0, we let T t : V — ► V be the linear mapping defined 
by letting 

(10.2) T t (\( j g)) = e- t M\(jg), geG. 

It is proved in (HHl that this operator uniquely extends to a normal unital completely positive 
map T t : VN(G) — > VN(G). It is easy to check that each T t is selfadjoint (in the sense of 
<fl} ). and that T t (x) -> x as t -> 0+ in the w*-topology of VN(G), for any a; G VN(G). 
Thus (T()i> is a completely positive diffusion semigroup in the sense of Section 5 (see Remark 

EM- 

Let T be the unit circle. If n — 1, then G = Z, and (T t ) t >o is the classical Poisson 
semigroup on L°°(T). 

Definition 10.1. The diffusion semigroup (T t )t>o on VN(¥ n ) defined by \10.§) is called the 
noncommutative Poisson semigroup. 
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Following the notation in Section 5, we let — A p denote the infinitesimal generator of (T t ) t > 
on L P (VN(G)) for any 1 < p < oo. It is clear from ()10.2j) that V is included in the domain 
of A p , and that 

A p (\(g)) = \g\X(g), g e G. 
Our main objective is Theorem 110.121 b elow . which says that A p has a (completely) bounded 
functional calculus on L P (VN(G))) for any 9 > u p = n\p- 1 - 2 _1 |. The proof 
will require several steps of independent interest. First we will show that each T t can be 
'dilated by a martingale', see Proposition 110.51 Then in the next paragraph, we will estab- 
lish square function estimates for noncommutative martingales, which generalize well-known 
commutative results. In the final part of this section, we will combine these results to obtain 
square function estimates for the semigroup (T t ) t > , and Theorem 110.121 will be deduced 
from these estimates. This scheme owes a lot to Stein's proof of square function estimates 
for commutative diffusion semigroups (see [721 Chapter IV]). 

10. B. Dilation by martingales. 

If Ai and Ai' are two von Neumann algebras equipped with normalized normal faithful 
traces r and r', we say that an operator T ': Ai — > AM preserves traces (or is trace preserving) 
if T ' o T = t on Ai. 

If tt: (Ai, t) — > (Ai', t') is a normal unital faithful trace preserving * -represent at ion, then 
it (uniquely) extends to an isometry from L p (Ai) into LP (AM) for any 1 < p < oo. In 
fact, these isometries are complete. We call the adjoint Q: AM — > M. of the embedding 
L 1 (7V1) '—t L X (A^') induced by 7r the conditional expectation associated with tt. This map 
is also trace preserving and extends to a complete contraction L p (Ai') — ► L p (Ai) for any 
1 < p < oo. Moreover Q : M! — >• Ai is unital and completely positive. 

In fact if At is a von Neumann subalgebra of At', and tt is the canonical embedding, then 
Q is a conditional expectation in the usual sense. In this case, Q is actually the unique 
trace preserving conditional expectation AM — > At and we call it the canonical conditional 
expectation onto At. 

Definition 10.2. Let At be a von Neumann algebra equipped with a normalized trace r, and 
let T: At — > At be a bounded operator. We say that T satisfies Rota's dilation property 
if there exist a von Neumann algebra Af equipped with a normalized trace, a normal uni- 
tal faithful * -representation tt: Ai —>■ Af which preserves traces, and a decreasing sequence 
{Af m ) m >i of von Neumann subalgebras of Af such that 

(10.3) T m = QoS m oTT, m>l, 

where £ m : Af — > Af m C Af is the canonical conditional expectation onto Af m , and where 
Q: Af — > At is the conditional expectation associated with tt. 

Remark 10.3. 

(1) Assume that T: Ai — ► Ai satisfies Rota's dilation property. Then T is normal, unital, 
completely positive, and selfajoint. Indeed let a be the trace on Af, then for any x,y G Ai 



we have 

r{T(x)y) = r(Q£ 1 Ti(x)y) 
= a{£ X Tr(x)'K{y)) 
= a(TT(x)£ 1 n(y)) 
= T(xQ8nr(y)) = r(xT(y)). 

Since T is positive, it therefore satisfies (j5.1j) . 

Thus in the sequel, we will mostly restrict our attention to operators T which are normal, 
unital, completely positive, and selfadjoint. Note that such an operator is necessarily trace 
preserving. Indeed, 

t(T(x)) = t(T(x)1) = t(xT(1)) = t(x1) = r(x) 

for any x G Ai. 

(2) The above property is named after Rota's Theorem which asserts that if M. is commu- 
tative, and if T: M. —* M. is a normal unital positive selfadjoint operator, then T 2 satisfies 
Rota's dilation property (see e.g. [72, IV. 9]). 

(3) Let T: M. — ► M. be a normal unital completely positive selfadjoint operator satisfying 
Definition 110.21 We noticed that tt, S m and Q all extend to associated //-spaces. In the 
sequel we will keep the same notation for these extensions. Then it is clear that (j!0.3|) holds 
as well on L P (A4) for any 1 < p < oo. 

If (.Mi, 7~i), . . . , (M. n , r n ) is a finite family of von Neumann algebras equipped with distin- 
guished normalized traces, we let 

(M,t) = J (Mi,*) 

l<i<n 

denote their reduced free product von Neumann algebra (in the sense of |7H| 177]). On the 
other hand, we let * for the unital algebra free product of the .Mi's, which is a 

l<i<n 

o 

w*-dense *-subalgebra of M.. Then for any 1 < i < n, we let Aii= Ker(rj) C M.i denote 
the kernel of t%. Now suppose that we have a second family (A'f'i, r'i), . . . , (A4' n , of 
von Neumann algebras with distinguished normalized traces, with reduced free product von 
Neumann algebra denoted by (Ai',r'). Assume further that for each i, we have a normal 
unital completely positive map Ti \ M.% — > M! i which preserves traces. According to 10, 
Theorem 3.8], there is a unique normal unital completely positive map T: M. — > M! such 
that 

T(xi ■ ■ ■ x p ) = T h (xx) • • ■ T ip (x p ) 

o 

whenever p > 1 is an integer, ij ^ for any 1 < j < p—1, and Xj G My for any 1 < j ' < p. 
This map is called the 'free product' of the Tj's, and we will denote it by 

T = 7\*...*T n . 
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The above algebraic condition determines the free product on the algebra * M j (see fTT)I 

I- V h 

for details). 

Lemma 10.4. For 1 < i < n, let T{\ (Mi,ri) — > (Mi,ri) be a normal unital completely 
positive map preserving traces. If each Tj satisfies Rota's dilation property, then their free 
product 

Ti*..-*T n : * (M,r f )— > * {Mi, n) 

l<i<n l<i<n 

also satisfies Rota 's dilation property. 

Proof. By assumption, there exist for any i = 1, . . . , n a von Neumann algebra M l equipped 
with a normalized trace o~i, a normal unital faithful ^representation 71^: Mi — > N l which 
preserves traces, and a decreasing sequence (J\f l m )m>i °f von Neumann subalgebras of M l 
such that T™ = Qi o £ l m o m for any integer m > 1, where E % m . M % — > A/"™ C and 
Q l : A/"' — > A4j are the conditional expectations given by Definition 110.21 We consider the 
free product 

7T = TTi* • • • *7T n : * (A^i,Ti) > * (A/" 1 ,^). 

l<i<n l<i<n 

According to ^QJ Theorem 3.7], the normal unital map 7r is a faithful trace preserving *- 
representation. Likewise for any m > 1, the product * (A/ - ^, <Tj) can be regarded as a von 

l<i<n 

Neumann subalgebra of * (Af\ai), and the sequence of these subalgebras is decreasing. 

l<i<n 

We may also consider 
E = E 

for any m > 1, and 



5 m = 0---*C= (A/"*, o-j) — ► * (A/"^, crj) c * {N\ ai 

Kt<n Ki<n Ki<n 



Q = Q 1 *...*Q n : * (A/"'', (Ti) ► * (A4i,Ti). 

l<i<n l<i<n 

As one might expect, the mapping Q is the conditional expectation associated with 7r. Indeed 
Q is normal, unital, completely positive, and preserves traces. Hence it suffices to check that 
Q o 7r is the identity mapping on * (Mi,Ti). Since Qi o m = I on each A4j, we easily 

l<i<n 

see that Q o n = I on the algebra free product * Mi. Since Q is normal, this yields the 

l<j<71 

result. Likewise, E m is the canonical conditional expectation onto * (N' l m , ai). Thus it 

l<i<n 

suffices to show that for any integer m > 1, we have 

(T h * ■ ■ ■ *T in ) m = QoE m o7i 
on * (Mi,Ti). Again it is easy to check that it holds true on * Mi, and the result 

l<i<n l<i<n 

follows by normality. □ 

We now come back to the von Neumann algebra VN(W n ) equipped with its standard trace 
t (see paragraph 10. A). Here we assume that n > 2. We let T\ be the standard trace on 
L°°(T), which is given by 7i(/) = J f(z)dm(z) . For any integer k e Z, let denote the 
function z k on T. For any r G (0,1], we let P r : L°°(T) — > L°°(T) be the (unique) 



95 

normal mapping taking e& to r^'e^ for any k. Equivalently, P r is the convolution operator 
/ i— > p r * f, with p r equal to the Poisson kernel. It is well-known that 

(10.4) (WV(F„),r) = * (L°°(T), n). 

l<«<n 

We note that P r is unital, trace preserving, and positive (hence completely positive). Accord- 
ing to our previous discussion we may therefore consider the free product (with n factors) 

(10.5) P r .*---*P r : (VN(¥ n ),r) — > (VN(¥ n ),r). 
It turns out that for any g G F n , 

(P r *---*P r )(X(g)) = r^X(g). 

Indeed, let e\ denote the element e k in the zth factor of (L°°(T), Ti)* • ■ • *(L°°(T), T\). If 
g G G has a factorization ()10.1|) . then X(g) corresponds to • • • e£ through the identification 

(|10.4)l . Each kj is non zero, hence each e£. belongs to the kernel of T\. Hence by the algebraic 
characterization of the free product operator, P r * ■ ■ ■ *P r takes X(g) to 

PM\) ■ ■ -Pr(ej) = (r^ .-rW) e\\ ■ ~e% = r^X(g). 

This shows that for any t > 0, the normal operator T t : yA^(F„) — > VN(¥ n ) defined by ()10.2|) 
coincides with the free product P e -t* ■ ■ ■ *P e -t. Combining Rota's Theorem (see Remark ll0.3l 
(2)) and Lemma fl0.4[ we deduce the following. 

Proposition 10.5. Let (T t )t>o be the noncommutative Poisson semigroup on VN{¥ n ) (see 
Definition \10.ty) . For any t > 0, the operator T t satisfies Rota's dilation property. 

10. C. Square function estimates for noncommutative martingales. 

Let (A/", a) be a von Neumann algebra equipped with a normalized normal faithful trace. 
Suppose that (Mm)m>o is an increasing sequence of von Neumann subalgebras of Af, and let 
S m : M — ► M m be the canonical conditional expectations. A noncommutative martingale is 
defined as a sequence (x m ) m > in L l (Af) such that S m (x m+ i) = x m for any m > 0. Clearly 
for any x G L 1 (AA), the sequence (^ m (^))m>o is a martingale. 

Likewise if (A/" m ) m >o is a decreasing sequence, a reverse martingale is a sequence {x m )m>o 
in LM^N) such that £ m+ i(x m ) = x m+ i for any m > 0. Then for any x G L 1 (A/"), (£ m (a;)) m >o 
is a reverse martingale. 

We refer the reader to [66J, 67, Section 7] and the references therein for information on 
noncommutative martingales and related square functions, which play a crucial role in this 
topic. Proposition llO.SI below in a square function estimate for noncommutative martingales, 
which generalizes an inequality due to Stein (221 p. 113]. 

We start from another noncommutative generalization of a result of Stein, due to Pisier 
and the third named author. 
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Proposition 10.6. /|66j ) Let (£ k ) k >o be either an increasing or decreasing sequence of 
(canonical) conditional expectations on Af, and let 1 < p < oo. For any k > 0, we let 

m£ k : S P [LP{M)] — > S p [If{Af)} 

be the tensor extension of £ k . Then the set {I®£ k '■ k > 0} is both Col-bounded and 
Row-bounded on S p [L p (Af)]. Thus it is also Rad-bounded on S p [L p (J\f)]. 

Proof. In the case of a increasing sequence, this is essentially a restatement of [BEl Theorem 
2.3]. The proof in the decreasing case is identical. □ 

Lemma 10.7. Let (£ k ) k >o be either an increasing or decreasing sequence of (canonical) 
conditional expectations on Af ' , let 1 < p < oo, and let {xj)j>o be a sequence of L p (Af). For 
any integer k > 2, set y k = Xj if 2 J : + 1 < k < 2 J+1 . 

(1) If (xj)j>o belongs to the space L p (Af;£l), then the sequence (m^^ ^2 k n =2 £k(yk)) m>2 
belongs to L p (Af\£ 2 c ), and 



;io.6) 



3 

m 2 



^ZkiVk 



k=2 



m>2 



LP (AT;® 



vXj)j>o\\LP(Af;P c ), 



where K p > is a constant only depending on p (and not on either Af or the £ m 's). 
Moreover the same result holds true with L p (Af;£ 2 ) replaced by L p (Af;£ 2 ). 

(2) If(xj)j>o belongs to L p (Af]£ 2 rad ), then the sequence (m~i Y^k=2 ^k(yk)) >2 belongs to 



L p {Af;£ 2 rad ), and 



_ 3 

m 2 



^2£k(y k 



k=2 



m>2 



< K 



V \\{ X 3)j>0\\LP(Af;e 2 rad )> 



where K p > is a constant only depending on p. 

Proof. According to Corollary 12.121 we may assume that {xj)j>o is a finite sequence. We 
define 

z km = —£ k (y k ), m > k > 2. 
m 

Let (efc)fc>o be the canonical basis of £ 2 , and let E mn be the standard matrix units on S p . 
Using Remark ESI (3) twice and Proposition 110. fi( we have an estimate 



{ z km)m>k\\LP(J\f;(e 2 ®e 2 ) c ) 



< C„ 



< c n 



V" — e k ® e m ® £ k (y k 
z — ' m 

i>k>2 

Ve fc <g> I®£ k (V —E, 

k>2 i 



LP(N\(t 2 m 2 ) c ) 
i ®Vk 



k>2 



m>k 
1 ^ 

} —E ml ® y k 

m>k 



y~] — e k ® e m <g> y k 

m>k>2 



Lp(N®B(e 2 );e 2 ) 
LP(Af®B(i 2 y,e 2 c ) 

LP(Af;(£ 2 ®l 2 ) c ) 
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Next we have 



E 

m>k>2 



m 



e k ®e m ® y k 



>^ —VkVk 



m>k>2 



2 JH 



i>o 



fc=2J+l m>fc 



m>2J+l 



1 



< c 



E 



XjXj 



where c = (sup^ 2 J X} m >2J+i 7^ ) 2 is a universal constant. Altogether we obtain that 

\\{zkm)m>h\\Lv(N](e: 2 m 2 )c) — \\\ x j)j>o\\LP(J\f^)i 



with K p = cC p . 



m>l 



Now let S: £ 2 ® 2 £ 2 -> ^ 2 be defined by 

S'[(afcm)fc,m>l] = ^ Q, 

k<m 

This mapping is a well-defined contraction. Indeed, 

2 1 I m 2 

||£[( a fcm)fc,m>l] || 2 = — E/ afcm — E/ l afcm | 2 — IK^fon)*: 



m 

m>l k=l 



k m>k 



Let S: L p (Af; (£ 2 <g> £ 2 ) c ) -> L p (Af; l 2 c ) be the tensor extension given by Lemma I2U Then S 
takes (zkm)m>k>2 to (m~5 SkiVk) ) • Thus (111). 61) follows from the above estimate. 

/m>2 

The row counterpart of ()10.6[) has the same proof, and the second part of the lemma 
follows from the first one. □ 

Proposition 10.8. Let (£ m ) m >o be either an increasing or decreasing sequence of (canonical) 
conditional expectations on J\f, and let 1 < p < 00. For any x G L P (N) and any m > 0, we 
let 



m + 



j m 

k=0 



and A m (x) = A m (x) - A m _i(s). 



Then the sequence (i/mA m (i)) m>1 belongs to the space L p (J\f; d, 2 ad ) and satisfies 



(y/m A m (x)) m ^ 1 || LP(A/ -.^ ) < K p \\x\\ p , 



where K p > is a constant only depending on p. 
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Proof. We shall prove this result in the case of an increasing sequence (£ m ) m >o, the proof 
for the decreasing case being similar. We adapt the arguments from [Z21 PP- 113-114] to the 
noncommutative setting. 

Let 1 < p < oo and let x G L P (M). We set 

d (x) = £q(x) and dk(x) = £^{x) — £k-i(x) if k > 1. 

Given an integer m > 1, we let N = [log 2 (m)], so that 2 N < m < 2 N+1 — 1. We have 

m 

Am(x) =^(1-^)4(X)- 
fc=0 

Hence 



A m (x) = — — - } kd k (x) 

K ' fc=i 

— — ( + ^2 ( kd k( x )) + ) • 

' N o— n ; ni i i 7._oW i i / 



m[m + 

For any integer j > 0, we set 



j=Q k=Z>+l £=2^+1 



2 JH 



(10.7) Xj = d ^ x ^ 

fe=23'+l 

and we note that for any integers 1 < q < r, we have 

r r r—1 r— -2 

Y k d k (x) = r ( d fc (a;)J - ( ^ 4(z)J ~ ( ^+i(a:). 

fe=q+l fc=q+l k=q+l k=q+l 

Since £ 2J +i(x :( ') = Xj, we obtain that for any j > 0, we have 

23+1 2J +1 -1 

2J fcd fe (:r) = 2 3+1 x j - 2J ^fc(^i) 

fc=2J'+l fc=2J+l 

2 J+l 



(2^ 1 + l)x,- ^ £ k ( Xj ). 



fc=2J+l 



Likewise, 



m m m— 1 

£=2^+1 £=2^+1 k=2 N +l 

m 

( Hi ' . . 

k=2 N +l 

For any integer k > 2, we set 

y fc = Xj if 2 J + 1 < k < 2 j+1 . 



+ l)£ m (x N ) - £fc(Zjv)- 



Then we have obtained that 



[log 2 (m)]-l 



A m (x) 



m(m 



— — I dx{x) + £ ( 2J+1 + l ) X i + ( m + l ) E m(x[\o^{m)\) ~ ^^kiVk) ) 



The four terms in the above parenthesis provide a decomposition 

A m {x) = A^x) + A 2 m (x) + A 3 m (x) + A 4 m (x), 

and it now suffices to give an estimate for each of the four resulting sequences (\/m A^(x)) m>1 . 
Obviously we have 



v^^(x)) m>1 | 



< 



x m>l v v ' ' 



\x\ p . 



Let T j = S 2 j for any integer j > 0. Then Xj = — Fjix), by ()10.7|) . Thus (iCj)j>o 

is a sequence of martingale differences. Hence according to the noncommutative Burkholder- 
Gundy inequalities j^S], the sequence (a?j)j>o belongs to L p (Af; £ 2 ad ) and we have an estimate 



(10.8) l|( x i)i>o|L P (/V-£2 ) < Cp||x|| p , 

where c p is a constant only depending on p. Using Lemma fl (J. 71 (2), we immediately deduce 
an estimate for the fourth term, 

| (VmA^(x)) || (A/ - 2 . < ifp||a;||p. 
Likewise, using a slight modification of Lemma [10.71 (2). with = I, and writing 

[log 2 (m)]— 1 2l log 2( m )] 
j=0 fc=2 

we obtain an estimate 



[log 2 (m)]-l 



m>2 



< llrll 
— ±v p n j/ lip- 



£ 2r 

In turn, this implies an estimate 

||(\/m A^(x)) m ^ 1 || iP(A/ -.^ ) < K' p \\x\\ p . 

We now turn to the third term of the decomposition, equal to A^(x) = —£ m ( x ]k>g 3 (m.)])- By 
Proposition 110.61 we have an inequality 

\\(V^A 3 m {x)) m ^\\ LP(M . elad) < C , p ||(- 7 =x [log2(m)] ) m>i 



Then we introduce an operator S: £ 2 — > i 2 which maps any sequence (a/v) tv>o to the sequence 
(Pm)m>i defined by 

An = a pog 2 (m)], m > 1. 
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Indeed, we have 

/ 2 N + 1 -l 



m , 

m>l N>0 v m=2 N y N>0 



\a N \ 



Let 5*: L p (Af;£l ad ) — > L p (Af;£l ad ) be the tensor extension of 5* given by Lemma TIM Using 
(HEED), we see that 

£[log 2 (m)]J = S {{xn)n>0) 



Jm / m>l 

and that 



1 

^[log 2 (m)] 



m 



) m> J| L < \\M N > \\ LP{ M Kad) < c P \\x\\ p . 



Thus we obtain the last desired estimate, 

||( v / mA^(a;)) || (A/ - 2 } < ^'||a;||p. 

— v ' rad> 



□ 



Corollary 10.9. Let M. be a von Neumann algebra equipped with a normalized normal 
faithful trace, let T ': M. — > M. be a normal unital completely positive self adjoint operator, 
and assume that T satisfies Rota's dilation property. For any x G L l (M) and any m > 0, 
we let 

Sm(x) = — -Y]T k (x) and D m (x) = S m (x) - S m -i[x). 

m+1 

Then for any 1 < p < oo and any x £ L P (A4), the sequence (i/fflD m (i:)) > belongs to the 
space L p (A4,£l ad ) and satisfies 

II (v^ Dm ( x )) m >i\\LP(M,e 2 rad ) - K pW x Wp> 
where K p > is a constant only depending on p. 

Proof. Let 1 < p < oo. Let Af,n,Af m ,£ m and Q be as in Definition 110.21 and let So = 7/y. 
Then it follows from Remark 110.31 (3) that 

D m = Qo/\ m oir on L P (M), 

where A m is defined as in Proposition I10.8I Since the two mappings tt: L p (Ai) — > L p (J\f) 
and Q: L P (N) — > L P (M) are (completely) contractive, the result follows at once from the 
latter proposition. □ 



10. D. Functional calculus for the noncommutative Poisson semigroup. 

According to Proposition and Corollarv llO.91 each Poisson operator T t on L P (VN(¥)) 
satisfies a certain 'discrete square function estimate', if 1 < p < oo. Later on in this section, 
we will deduce a 'continuous square function estimate', in the sense of Section 7, for the 
generator of the semigroup (T t ) t > . Passing from discrete to continuous estimates will require 
the following approximation lemmas. In these statements, M. is any semifmite von Neumann 
algebra. 
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Lemma 10.10. Suppose that 2 < p < oo, and let < a < (3 < oo be two positive real 
numbers. We let H = L 2 ([a,(3}; dt). Then for any continuous function v. [a, /3] — > L P (M), 
we have 



\ v \\LP(M;H rad ) 



lim 



(Vev(em))« <m< 



Proof. It follows from (J2.8|) and Lemma fa. II that 



\lp{M;H c ) = / V(s)*v(s)ds 



Then by Riemann's approximation Theorem, we deduce that 



lp(M-,h c ) = lim | e Yl v(em)*v(em) 



lim 



(vM^))*< m </3 



Lf(7W;£2) 



Likewise, the norm of v in L P (A4; H r ) is equal to the limit (when e — > + ) of the norm of the 
finite sequence \^/ev{ern)) « < < ^ in the space L P (.M ; £;:). The desired result follows from 

these two results, by flQH) . D 

Lemma 10.11. We recall that Q = £e£ 1 < p < oo, and let ip: [0, oo) — > L P (M) 

be a continuous function which is continuously differentiable on (0, oo) . VFe set 

i y* 

0(t) = - / </j(w) efat , t > 0; 

t ./n 



and 
(10.9) 



m + 



— J^efc), e > 0, m > 

fc=0 



Assume that there is a constant K > snc/i £/iat 



10.10) 



(V^«-<-l)) m>1 Lp ( ^.,2 x < K 



for any e > 0. T/ien i/ie function t i— > t0'(t) /rom (0, oo) mto L P (.M) belongs to the space 
L P (M; L 2 (Q ) rad ), and we have 



< AT. 



Proof. Throughout this proof, we fix two constants < a < (3 < oo, and we consider the 
Hilbert space H = L 2 ([a,/3}; dt). We set 

According to Remark 16.41 (1), it will suffice to show that 



10.11) 



LP(M;H rad ) 



< K. 
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Since tp is continuously different iable, we have the constant c@ = sup{||y/(s) || : < s < /?} 
at our disposal. For any integer m > 1, we define 

1 m_1 tk 

<pm{t) = - y>(-), <>o. 

fc=0 

For a fixed t e (0, and any integer < k < m — 1, let be the closed interval with 
endpoints — and t ^ fc+1 ^ . Then we may write 



-y m— 1 

1/0 fc=0 



Hence we have 

m— 1 

du . 



xi k w 



1 /* t J- 7 

H0W-<ut)ii < T / ¥>(«)- 5>(-) 

On the other hand we have — — cpt/m whenever it G Letting = f3cp, 

we deduce that 



(10.12) ||0(t)-0 m (t)|| < -£ 0<t<(3,m>l. 

m 

The function is differentiable on (0, oo), and we have 

(10.13) 0'(t) = ^(t)-0(t)), *>0. 
For any e > and any m > 1, we have 

<p(em) — (m + l)u e m — mu £ m _ 1 and « m _i = 0m (em). 
Hence we obtain 

</?(em) - m (em) = (m + 1) (m^ - , 
which is the discrete analogue of (|10.13j) . Combining with the latter formula we deduce that 

<p'(em) = — (if (em) — (p(em)) 
em 

= — Mem) - (f> m (em)) H U m (em) - <p(em)) 

em em 

m + 1 , r r \ 1 



(«m - w m-i) + — (0m (em) - 0(em)). 



em em 
Thus we finally have 

in ~\~ X 1 

yfeip{em) = — =- (u e m - u £ m _^) + -= (0 m (em) - 4>(em)). 
\/m \ m 



The norm of the (finite) sequence (-7= (0 m (em) — 0(em))) a <m< £ in .^(.M; ^ad) is less than 

v e _ _ e 

or equal to 

Yl ~r= l|0( em ) ~~ 0m(em)|| < ^ ^ — • 



1< TO <£ v m>- 
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Indeed the latter inequality follows from ()10.12|) . Hence 



lim sup 



(em) 



4>(em)) 



'-<m<2- 



0. 



On the other hand, our assumption on the u £ m 's ensures that the limsup (for e — > + ) of the 
norm of the sequence ( !I t=- {u £ m — w^ l _i)) H< K i in L P (A4; H ra d) is less than or equal to K. 
Thus we have proved that 

(10.14) limsup 



< K. 



If p > 2, we deduce fll0.11|) by applying Lemma flO. 101 with v — i/j. 

Now assume that 1 < p < 2, and let p' be its conjugate number. We consider v in 
L p ' (M) ® C([a,f3]) and we assume that INI/y^^,^) < 1- According to Remark 12.111 
(jl0.11|) will follow if we can show that \(ip,v)\ < K. Since t \— > (ip(t),v(t)) is continuous on 
[a, ft), we have 

rP 

(iP{t),v{t)}dt 



lim e 



(ip(em),v(em)). 



'-<m c - 



By the duality relation ()2.25|) . \ {ip,v) \ is therefore less than or equal to 



lim sup 



(y/e ip(em)) . 



■<m<t 



x limsup 



v(sm 



By Lemma flO. 101 and ()10.14|) . we obtain the inequality \(ip,v) 



e 

< K 



<m<t 



□ 



Theorem 10.12. Let (T t )t>o be the noncommutative Poisson semigroup on VN(¥ n ) (see 
Definition UQ.ty) . For any 1 < p < oo, we let —A p be the generator of (T t ) t > on L p (VN(F n )), 
and we let u„ = it - — 



functional calculus. 



Then for 6 > co p , the operator A p has a completely bounded H°° (E^ 



Proof. We will first show that A p has a bounded H^CEg) functional calculus for any 9 > uo p . 
We noticed in paragraph 10. A that (T t ) t > is a completely positive diffusion semigroup on 
VN(W n ). Hence for any 1 < p < oo, the operator A p is Rad-sectorial of Rad-type ui p by 
Theorem 15.61 Thus according to Corollary 17.41 it suffices to find 9 > u p and a non zero 
function F G H^(T> e ) such that A p both satisfies the square function estimate (<Sf), and the 
dual square function estimate (S* F ) (in the sense of Section 7). Since A* = A p >, it actually 
suffices to prove (Sf) only. 

We fix some 1 < p < oo. We let x G L p (VN(W n )) and apply Lemma flO. Ill to the function 
<f(t) = T t (x). We let <f> be the associated average function. Since <p(ek) 
the averages defined by ()10.9|) are equal to 



T £ k(x) 



THx) 
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Then by Proposition 110.51 and Corollary 110.91 the uniform condition (jlO.lOj) holds true with 
K = Kp\\x\\ p , K p being a universal constant. Thus Lemma flO. Ill ensures that 

( 10 - 15 ) II^^'WIUml^oW) - k p\\ x \\p- 

We consider the holomorphic function 

F(z) = e~ z - 1-6 * , zeC. 

It is easy to check that F G for any 9 < f . We fix some 9 G (ui p , |), and we will 

check that A p satisfies (Sp). According to ()10.15|) . it suffices to show that 

(10.16) t(f>'(t) = F(tA p )x, t > 0. 

Let us write A = A p for simplicity. We first observe that 

zF'(z) + F{z) = [zF{z)}' = (1 - e- z )' - (e - *)' = -ze~ z . 

Hence the function z t— > zF'(z) belongs to the function t \— > F(tA) is different iable 

on (0, oo), and 

t§- t (F(tA)) = [zF'(z)](tA), t>0. 
Since [ze~ z ](tA) = —tM^(T t ), we deduce that 

t-(F{tA)x) + F(tA)x = tg- t (v(t)), t > 0. 

Integrating this relation yields 

tF(tA)x = t((p(t) - (pit)), t > 0. 

Indeed, j^(t(j)(t)) = tp{t). Dividing the latter formula by t and applying (jK).lHj) . we obtain 
the desired identity (jl0.16|) . 

It is not hard to check that the above arguments work as well with I®A V in the place of A p . 
Thus A p actually has a completely bounded if 00 (Eg) functional calculus for any 9 > uj p . □ 



We conclude this section by an application to 'noncommutative Fourier multipliers'. We 

o 

recall that G = V^A^F^) and we let G = G \ {e}. Then arguing as in the proof of Corollary 
19.61 we deduce the following. 



Corollary 10.13. Let 1 < p < oo and let 9 > n\- 



1 — 11 

p 2\ 



be an angle. Then for any function 



f G H°°(Y>g) and for any finitely supported family of complex numbers {a g : g G G}, we 
have 



\Z,c* g f(\g\)\(g) < K\\f\uAj2^ 9 X(9) 



where K > is a constant not depending on f . 
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For any integer m > 0, let 

E m = Span{A(#) : \g\ = m}. 

Thus V is the algebraic direct sum of the E^s. In general, this direct sum does not induce 
a Schauder decomposition in L P (A4). Namely let 

m 
n=0 

be the natural projection. Then it is shown in ^2] that if p < | or p > 3, we have 

sup \\P m : L P {M) — > L P {M)\\ = oo. 

m>l 

In the opposite direction, the next statement says that the direct sum 

© E 2k c L P (M) 

k>0 

induces an unconditional decomposition for any 1 < p < oo. 

Corollary 10.14. Let 1 < p < oo. There is a constant K > such that for any finite family 
(xk)k>o with Xk G E 2 k, and for any e fc = ±1, we have 

V]£ fc x fc < C V^fc • 
1 1 ' p 1 1 ' 1 1 p 

k>0 k>0 

Proof. According to Carleson's Theorem (see e.g. [2H1 Chapter 7]), (2 fc )fc> is an interpolating 
sequence for the open right half-plane Ei. This means that for any bounded sequence 
(cfc)fc>o of complex numbers, there exists a bounded analytic function /: — > C such that 
f(2 k ) = Ck for any k > and moreover 

||/||oo,5 < Csup |c fe | 
k 

for some constant C > 1 not depending on (ck)k>o- We apply this property with Ck = 6k, 
and we let / £ if°°(S|) be the resulting interpolating function. 
Let us write 

fc>0 g 

o 

where {a g : ^ £ G} is a finite family of complex numbers. Then a g = if |g| is not a power 
of 2, and we have 

J2 £ k x k = J2 £k J2 a 9 X ^) = J2J2 a 9f( 2k )K9) = ^a g f{\g\)\{g). 

k>0 k>0 \g\=2 k k>0 \g\=2 k 9 

The result therefore follows from Corollary 111). 131 □ 

The above corollary may be combined with the noncommutative Khintchine inequalities 
(I2.21J) and (|2.22|) . We obtain that if 2 < p < oo, we have an equivalence 

llszHIp x max {||(5Z x fc xfc ) 2 ' ||(5Z xfcx fe) 2 p } 
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for finite families (xk)k>o such that Xk G E 2 k for any k > 0. Likewise if 1 < p < 2, we obtain 
for these families that 




where the infimum runs over all (yk)k>o and (zk)k>o in L P (M.) such that = yu + Zk for 
any k > 0. 
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11. The non tracial case. 

In this short paragraph, we briefly discuss extensions of the results established so far to 
the setting of noncommutative L p -spaces associated with a non tracial state. 

Let Ai be a von Neumann algebra and let <p be a distinguished normal faithful state on Ai. 
We do not assume that ip is tracial. For any 1 < p < oo, we let L p (Ai, <p) be the associated 
Haagerup noncommutative L p -space, with norm denoted by || || p . We refer the reader to [Hj 
for a complete description of these spaces, and to jHZj or [37] for a brief presentation. We 
merely recall if M. C B(H) acts on some Hilbert space H, then L p (A4,(p) is defined as a 
space of possibly unbounded operators on L 2 (IR; H) with the following properties. First, if 
1 < p, q, r < oo are such that - + - = i, then xy £ L r (Ai, <p) whenever x £ L p (Ai, (p) and 
y £ L g (Ai,<p>). Second, for any 1 < p, q < oo and any x £ L p (Al,<p>), the positive operator 

P 

|a;|« belongs to L g (.M ,</?), with 

1 1 J 37 j 9 || 1 — 1 1 37 1 1 

Third, there are two natural order-preserving isometric identifications 

M~L°°(M,<p) and .M* ~ L}(M, <p). 

In particular, ip may be regarded as a positive element of L 1 (7W,<^). Consequently for any 
1 < p < oo, we may regard the space 

— J- r — — i 

(^^A'i^ 2 ? = {ipipxip 2 ? : X £ Aij 

as a subspace of LP{M.,ip) and this subspace turns out to be dense. It should be noticed 
that if p 7^ q, then L P (A4, (p) D L g (Ai, ip) = {0}. This is in sharp contrast with the case of 
the noncommutative L p -spaces considered so far in this paper (see paragraph 2. A). 

As usual we let tr: L 1 (A^,<^) — > C denote the functional corresponding to 1 £ A4 in the 
above identification .M* ~ L 1 (A^,v?)- It satisfies 

tr(ipx) = ip(x), x £ M.. 

We also recall that if 1 < p < oo and p^ 1 + p' _1 = 1, then 

tr(x?/) = tr(yx), x £ L P (M, (p), y £ L P '(M, (p), 

and the duality pairing i— > tr(xy) induces an isometric isomorphism 

L P '{M, <p) = LP{M, <p)*. 

Furthermore L 2 (Ai,<p) is a Hilbert space, with inner product given by (x,y) i— > tr(y*x). 

Using [^7[ Section 1], one may naturally define spaces L p (Ai,H c ) and L p (Ai,H r ) for 
any Hilbert space if. Then as in Section 2, we define L p (Ai,H ra d) as the intersection 
Lp(jM, H c )nL p {M, H r )ii2<p< oo, and as the sum L P {M, H C ) + L P {M, H r ) if 1 < p < 2. 
Then it is not hard to check that all the results established in Sections 3, 4, 6 and 7 for the 
tracial noncommutative L p -spaces extend to the L P (.M , <^)'s. 
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We now discuss analogs of the results obtained in Section 5. We need the following 
definition. Suppose that (AA,ip) and (J\f,if)) are two von Neumann algebras equipped with 
normal faithful states p and ip. Let T: M. — > M be a bounded operator, and let 1 < p < oo. 
Consider the linear mapping from 

p 2 p M.p 2 p — > ip 2 pj\fip 2 p 

— — — / \ — 

taking p 2 pxp 2 p to i/j 2 pT(x)i/j 2 p for any x G M. If this linear operator extends to a bounded 
operator from L p (Ai, <p) into L p (J\f, ip), we say that T has an L p extension and we let 

T p . L p (M,p) — > L p {M,ip) 

denote the resulting operator. 

Let (Ji4,<p) as above, and let = (c!f) se R denote the one parameter modular automor- 
phism group of R on M. associated with ip. Let T : A4 — > .M be a normal positive contraction 
such that 

p o T < p on 

According to Theorem 5.1], T has an LP extension T p : L p (A4,p) — > L p (A4,p) for any 
1 < p < oo. Assume further that 

af oT — T o erf, s G R, 

and that T is 92-symmetric, that is, 

ip(T(x)y) = ip(xT(y)), x,y E M. 

Then T 2 : L 2 (A4, p) — > L 2 (A4, </?) is a selfadjoint operator. Indeed, let M. a denote the family 
of elements of M. which are analytic with respect to cr^. By Proposition 5.5], we have 
T 2 (x<£>2) = T(x)(p~2 for any x G M. a . Hence for any x,y G A4 a , we have 

(T 2 (x<p*),y(p2) L2 = tr((yp^)*T(x)p^) = tr(py*T(x)) = <p(y*T(x)). 

Likewise, 

{x^,T 2 {y^)) L , = ip(T{y*)x). 
Since A4 a <^ is dense in L 2 (Ai,p) [37J Lemma 1.1], this proves the result. 

Theorem 11.1. Let (T t ) t > be a w*- continuous semigroup of operators on (Ai,p). Assume 
that for any t > 0, T t : M. — > M. is a normal positive p-symmetric contraction, and that we 
both have 

p o Tt < p on M. + and af o T t = T t o alf , s G R. 

(1) For an?/ t > and any 1 < p < oo ; the operator T t admits an LP extension T Pjt on 
L p (Ai,p), and (T Ptt )t>o is a co-semigroup of contractions on LP(M.,p). Moreover 
(2~2,*)t>o ^ a selfadjoint semigroup on L 2 (M.,p). 

(2) Let A p be the negative generator of (Tp,t)t>o- Then for any 1 < p < 00, A p is a 
sectorial operator of type cu p = ir\ - — \ \ . 
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(3) Assume further that each T t : AA —>■ AA is completely positive. Then for any 1 < p < 
oo, the operator A p is Col-sectorial (resp. Row- sectorial) of Col-type (resp. Row-type) 
equal to u p . 

Proof. Part (1) easily follows from the previous discussion. Part (2) is an analog of Lemma 
15.41 Its proof relies on interpolation, using Kosaki's Theorem Part (3) is an analog of 
Theorem 15.61 Its proof is similar to the one of that theorem, using Kosaki's Theorem again 
and the noncommutative ergodic maximal theorem in the non tracial case (see [3*^ Section 
7]). We skip the details. □ 



We now introduce an analogue of Rota's dilation property in the non tracial setting. We 
follow the scheme of paragraph 10. B. We consider a von Neumann algebra (Af,ip) equipped 
with a normal faithful state ip. Let AA C Af be a von Neumann subalgebra and assume 
that it is invariant under o~^, that is, af(Ai) C AA for any s G R. Let <p G .M* be the 
restriction of ip to AA. Then af = crfij^ for any t. Let 1 < p < oo. Then L p (AA,(p) 
can be naturally identified with a subspace of L p (Af,ip). Indeed, the canonical embedding 
A4 — > Af has an LP extension L P (A4, <p) — > L p (Af, ip) in the above sense, and this extension 
is an isometry (see jSZl Section 2]). Furthermore there exists a unique normal conditional 
expectation £ : Af — > AA such that ip = ip o £ [73]. We call it the canonical conditional 
expectation onto AA. This map also has an L p extension £ p : L p (Af,ip) — > L p (A4,ip), and 
this extension is a contraction [321 Lemma 2.2]. 

More generally, let (A4,<p) and (A4',<p f ) be two von Neumann algebras equipped with 
normal faithful states, and let tt : M. — > AA 1 be a normal unital faithful ^-representation such 
that 

(11.1) ip = ip'on and erf (ir{M)) C ic(M), s G R. 

Then tt admits an LP extension for any 1 < p < oo, and 

vr p : L p (M,tp) — > L p (M',tp') 

is an isometry. Let £: AA! — > ti{AA) be the canonical conditional expectation onto ir(A4) 
and let Q : AA' — > AA be defined by 7r o Q = £. Then we say that Q is the conditional 
expectation associated with tt. It is clear that Q has an L p extension for any 1 < p < oo, 
with TT p o Q p = £ p . Moreover Q is the adjoint of tti. 

The non tracial analogue of Definition 110.21 is as follows. Let (A4,ip) be a von Neumann 
algebra equipped with a normal faithful state, and let T : A4 — ► A4 be a bounded operator. 
We say that T satisfies Rota's dilation property if there exist a von Neumann algebra (Af, if>) 
equipped with a normal faithful state, a normal unital faithful ^representation tt : A4 — ► Af 
such that ip = if o tt and ir(M) is invariant under a^, and a decreasing sequence (Af m ) m >i 
of von Neumann subalgebras of Af which are invariant under a^, such that 

T m = Q o £(m) o tt, m>l, 
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where £(m) : M — > M m C M is the canonical conditional expectation onto J\f m , and where 
Q : M — > .M is the conditional expectation associated with 7r. 

Clearly such an operator is completely positive and for any 1 < p < oo, it admits an LP 
extension T p : L P (A4, if) — > L P (A4, f), with T p = Q p o S(l) p o 7r p . It is not hard to show that 
in addition, T is ^-symmetric. 

With the above definition, Corollary 110.91 extends to the non tracial case. The proof is 
the same, using the noncommutative martingale inequalities from |3T1 Section 3]. 

Corollary 11.2. Let (Tt)t>o be a w* -continuous semigroup of operators on (Ai,(p). Assume 
that for any t > 0, T t : M. —>■ M. satisfies the above Rota's dilation property. Then it satisfies 
Theorem M 1 . 1\ and moreover, the operator A p admits a bounded H°°(Yiq) functional calculus 
on L P (A4, (p) for any 9 > uo p and any 1 < p < oo. 

Proof. The proof is similar to the one of Theorem 110. 12^ using Theorem 111.11 instead of 
Theorem 15.61 □ 

Following [4], we say that T : ip) — > <p) is factorizable if there exist a von Neumann 
algebra (M. 1 , <p') equipped with a normal faithful state, and two normal unital faithful *- 
representations 

7r: M — > M' and n: M — > M' 
both satisfying ([11.1)1 . such that T = Qon, where Q : M! — ► M. is the conditional expectation 
associated with tt. According to [4, Theorem 6.5], T 2 : M. — > M. satisfies Rota's dilation 
property if T is factorizable and (^-symmetric. 

Consequently, if (T t ) t > is a wAcontinuous semigroup of operators on Ai such that each 
operator T t : M. — > M. is both factorizable and yj-symmetric, then it gives rise to a semigroup 
{T p>t ) t >o on L p (A4,(p) whose negative generator has a bounded functional calculus, 

provided that 1 < p < oo and 9 > u p . 



Ill 

12. Appendix. 

12. A. Comparing row and column square functions. 

We aim at showing that in general, row and column square functions as defined by (16.11) 
are not equivalent. We will provide an example on Schatten spaces S p = S p (£ 2 ). We let 
(efc)fc>i denote the canonical basis of £ 2 and we let a be the unbounded positive selfadjoint 
operator on £ 2 such that 



k 

for any finite family (ak)k of complex numbers. 

We fix some 1 < p < oo, and we let A p = C a be the left multiplication by a on S p (see 
paragraph 8. A). For any 6 > 0, the operator a has a bounded H°°(T,g) functional calculus 
on £ 2 . Hence A p also has a bounded if 00 (Eg) functional calculus on S p , by Proposition 
18.41 Since a has dense range, it also follows from the latter proposition that A p has dense 
range. Applying Theorem I7.6| we therefore obtain that for any 6 > 0, and any non zero 
F E H£°(Eg), we have an equivalence 

(12.1) ||x|| x \\x\\ F , xeS p . 

Lemma 12.1. Let F e H%°{E ) \ {0}, and let c F = (/* \F(t)\ 2 f Then we have 

\\x\\f,c = c F \\x\\, xeS p . 

Proof. Let 0<a</9<oobe two positive numbers, and let x G S p . According to (|8.5jh we 
have 

(F(tA p )(x))*(F(tA p )(x)) = (F(ta)x)* (F(ta)x) = x* F (ta)* F (ta)x 
for any t > 0. Hence 

r 13 dt / C 13 dt \ 

(12.2) J (F(tA p )(x)Y(F(tA p )(x)) J =x*( y J F(ta)*F(ta)j)x. 

For any t > and any k > 1, F{ta)ek = F(t2 h )ek, hence 

[F(*a)*F(ta)]e* = |F(t2 fc )| 2 e fc . 



Furthermore, we have 



\F(t2 k )\ 2 ^ / J™\F(t2 k )\ 2 ^ 



when a — > + and /3 — > oo. Thus the operator in ()12.2|) converges to c 2 F x*x (in the 52- 
norm, say), and we deduce from either Proposition 16. 21 or Remark 16.41 (2) that the function 
u '. 1 1 — ► F{tA p ){x) belongs to S p (L 2 (Qq) c ), and that u*u = c 2 F x*x. Consequently we have 

\\ x \\f,c = \\(u*u)*\\sp = c F \\(x*x)s\\ S p = c F \\x\\ S p. 

□ 
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Let F be any non zero function in Hq°(Eq), with 6 G (0, tt). Combining the above lemma 
with (jl2.1j) . there exists a constant K > such that for any x G S p , we have 

ll^ll^r < -^II^Hf.c for any x G S p , if p > 2; 

ll^ll-F.c < -^ll^ll^r for any x G S p , if p < 2; 
We shall now prove that except if p = 2, these estimates cannot be reversed. 

Proposition 12.2. 

(1) Assume that p > 2. Then sup j : % G S" p | = oo . 



(2) Assume that p < 2. Then supjjfjj^ : x G S p | = oo 



Proof. By Proposition 18.41 A p has a completely bounded H 00 ^^) functional calculus for 
any > 0. Hence by Theorems 14.121 and 16. 7^ it suffices to prove the result for one specific 
function F. Throughout the proof, we will use the function 



1 -z 



F(z) = z?e 

In the notation introduced in Lemma f 12. 11 we have cp = 4=. 
We first assume that p > 2. For any integer k > 0, we let 

r°° df 
d k = / F(t)F(t2 k )-. 
Jo t 

We will use the fact that for any i,j > 1, we have 



J F(tT)F(tV)j = d^ j} . 



Indeed this is obtained by changing t into t2 J in this integral. Furthermore, we have 



-iol „-2 k t ■ 



< d k = / e _t 22 e"^ * dt = =- < 2"a . 

- Jo l + 2 k ~ 

Given an integer n > 1, we consider e = e± + ■ ■ ■ + e n and x = With = e« ® e,-, we 
then have 



xx ' = e ® e = 
According to the definition of a, we have 

n 

(F(tA p )(x))(F(tA p )(x))* = F(ta)xx*F(ta)* = ^ F^F^) E i5 

for any positive real number £ > 0. Taking the integral over Qq, and applying the row version 
of Proposition 16.21 we deduce that 



»>i=i 
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We let A = be the n x n matrix in the right hand side of the above formula. Then 

we have 

n n n 

iiaii| 2 = \ d \i~j\\ 2 < 2n Yl i rffc i 2 - 2n 5Z 2 ~ fc - 4n - 

i,j=l k=0 k=0 

By construction, A > 0, hence we have 



We need to divide our discussion into two cases. 

If 2 < p < 4, we let a G (0, 1] be such that + f = 2. Then 

l|A|| 5f < ||A||^||A||g, 

This yields the estimate 

\\x\\ F ,r < 2 2a - 1 n 1 ~^. 

Since x = ^= is rank one, its norm in S p does not depend on p, and it is equal to = y'n. 
Hence ||a;|||. c = c F n = ^ by Lemma fl2.il We obtain that 

II T* 1 1 ^ 

> 4 n 2 . 



|2 



|2 



Since n was arbitrary and a > 0, we obtain (1) in this case. 

If p > 4, we note that ||A|| | < ||A||s2. Hence ||x||^ r < Since ||x|| FjC = |, we also 

obtain (1) in that case. 

We now turn to the proof of (2). We assume that 1 < p < 2, and we let p' be its conjugate 
number. According to Remark 18.71 (2), A* is the right multiplication by a on S p . For any 
y G S p ' , we let |||/||f,c and ||y||F,r denote the column and row square functions corresponding 
to A* Of course Lemma 112.11 has an analog for right multiplications, and the latter says 
that ||y||F,r = c f||?/|| for any y G S p> . Likewise, part (1) of Proposition 112.21 has an analog 
for A*, namely 

(12.3) supjl^^ 1 : V e sA = oo . 



\V\\F,t 

To prove (2), assume on the contrary that there is a constant K > such that 
(12.4) \\x\\ F>r < K\\x\\ F>c , xeS p . 

Let y G S p ' and x G S p . We consider the approximating sequence (g n )n>i defined by ()3.1U|) 
and we recall that g n (A p )(x) = g n (a)x — > x when n — > oo. By the first part of Lemma [6.51 
we have 

f°° rlf 

(y,g n (A p )(x)) = V2 / (y, F(tA p )\g n {a)x)) T 

= V2 (F(tA p y( y ),F(tA p )(g n (a)x)}j. 
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According to Lemma \2. 81 this implies that 

\(y,g n (A p )(x))\ < V2\\g n (a)x\\ Ftr \\y\\ F)C . 

Now using (jl2.4j) and Lemma fl 2. 11 we deduce that 

\{y,g n (A p )(x))\ < V2Kc F \\g n (a)x\\\\y\\ F>c < K \\x\\\\y\\ F>c . 

Passing to the limit when n — > oo, this yields \(y,x)\ < K \\x\\\\y\\ Fc . Then taking the 
supremum over all x G S p with ||x|| = 1, we obtain that \\y\\ < K\\y\\ FiC for any y G S p ' . 
Since ||?/||F,r = cf|||/||, this contradicts ()12.H|) and completes the proof of (2). □ 

12. B. Measurable functions in L P (L 2 ). 

Let 2 < p < oo. The Banach space L P (R; L 2 (R)) can be described as the space of all 
measurable functions g : R 2 — > C such that 

OO . POO . V 



/OO POO P 

( / \g(s,t)\ 2 altj als < oo 
-oo J — oo 



-oo J— oo 

modulo the functions which vanish almost everywhere on M 2 . Then it is easy to check that 
a function g G L P (R; L 2 (R)) is representable by a measurable function u: R — > L P (M) in the 
sense of Definition 12.71 if and only if 



/oo 
\g(s,t)\ p ds < oo for a.e. t G R. 
-oo 



Indeed in that case we have u(t) = g(- ,t) for almost every tel. We will prove that not all 
elements of L P (R; L 2 (R)) are representable by a measurable function from R into L P (R) by 
exhibiting a function g G L P (R; L 2 (R)) such that 



/oo 
\g(s,t)\ p ds = oo for a.e. t G R. 
-oo 



For any positive numbers a, 6, m such that b > a, let P a ,b,m C R 2 be the parallelogram with 
vertices equal to (—a, 0), (0, 0), (b, mb), and (6 — a, mb). Thus this parallelogram has a pair 
of horizontal sides, and a pair of sides having slope equal to m. Next we let g a ,b,m be the 
indicator function of P a bm- It is clear that 



/oo 
= a 0<t<mb. 
■oo 



On the other hand, 



rO rb 

\gaAm\\ P L P(L2) = I (m(s + a))ids +(6-a)(ma)§+ / (m(b - s))§ ds 



b—a 



( 2 



S2 (is + (6 — a) as j 
< m2 (2a 1+ 2 + (b- a) a§) = m^a^(a + b). 
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Since we assumed that b > a, this yields 

i I i i 

(12.7) \\ga,b,m\\LP(L2) < 2" bP 111 2 a 2 . 

We now make special choices for our parameters a, b, m. Let n > 1 be an integer. We let 

a n 4 ^, 

and then we choose b n and m n so that 

b n m n = n and bn rrin a% = 1. 
iii i_i 1 
Writing fc£ an = bn 2 (m n bn) 2 4 "a", this leads to the following choice: 

2 2 
p rap 2 np 

b n = np~ 2 4?- 2 and m n = n p- 2 4 p- 2 . 

Note that since p > 2, we have = p(l + > p and therefore we have a n < & n - Then 

we simply let g n for the function g an ,b n ,m n studied so far. According to (jl2.6|) and (jl2.7j) . we 

i 

both have lls'nllLP^ 2 ) < 2? and 



/oo 
|# n (s,£)| p ds = A np 0<t<n. 
-oo 



Therefore we can define 

oo 

g = J2^ n 9n e L P (R;L 2 (R)). 

n=l 

Moreover since each g n is nonnegative, we have g > 2~ n g n > for any n > 1. Thus for 
£ > 0, we have 

/oo /»oo 
|sM)| P ^ >2-" p / K(s,£)| P ^ >2" p 
-oo J — oo 

provided that n>t. Hence J"f^ |g(s,£)| p <is = oo. This proves ()12.5|) for £ > 0. An obvious 
modification yields a function g for which (J12.5)) holds for £ G R. 
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